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Optimal Contracting with Unobservable

Managerial Hedging

Abstract

We develop a continuous-time model where a risk-neutral principal contracts with a

CARA agent to initiate a project. Protected by limited liability, the agent can increase

the drift of the project’s output by exerting costly hidden effort. In addition, the agent

can trade the market portfolio and a risk-free bond in an unobservable private account

(the managerial hedging behavior). New to literature, our unique model setup per-

mits compatibility of private saving and hedging, agent’s risk aversion, and liquidation

boundary in one contracting problem. We solve both the agent’s utility maximization

problem and the principal’s optimal contracting problem through the first-order ap-

proach. In the contracting problem, the agent’s contract value serves as the unique

state variable for the principal to pin-down the optimal contract. The optimal pay-

ment to the agent takes the form of an impulse compensation like that in DeMarzo and

Sannikov (2006). However, the optimal effort and incentive compensation are highly

dynamic in our model as in Sannikov (2008). We show that unobservable managerial

hedging under absolute performance evaluation is costly for incentive provision in that

the principal’s value generally decreases with the easiness of managerial hedging. Re-

placing an absolute performance evaluation contract by a relative one can improve both

efficiency and value. Finally, we implement the optimal contract by cash reserve, pri-

vate debt and private equity in an entrepreneurship context. Dynamic balance sheet,

values and market prices of securities are derived and analyzed.
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1 Introduction

It is commonly documented in the literature that managers endeavor to hedge against undesirable

risk exposures introduced by their compensation package due to the fact that a typical manager,

in reality, has a considerable amount of private wealth which, combined with income flows, can

be invested in public asset market.1 According to Coles, Daniel and Naveen (2006), volatility

characteristics (vega for example) of a manager’s compensation play an important role in incen-

tive provision and have a feedback effect on the firm’s policies. Taking managerial hedging into

consideration, Gao (2010) concludes that managerial hedging can profoundly influence corporate

governance and operation strategy. As a consequence, special incentives should be designed to deal

with managerial hedging behavior that can be used to offset the effects of volatility component

of the compensation contract. In addition, contemporaneous optimal contracting technique under

moral hazard based on backward stochastic differential equation mainly developed by Williams

(2013) and Sannikov (2008) relies on volatility that associates the output process to the agent’s

utility process to provide appropriate incentives. Presumably, if the agent is able to perform man-

agerial hedging, such incentives can be partly offset, even cancelled. Accordingly, the interaction

between the manager’s unobservable private portfolio choice and her managed control problem

induces an important type of moral hazard (hidden action) which is different from hidden effort

(e.g., Sannikov 2008, Ju and Wan 2012), cash flow diverting (e.g., Demarzo and Sannikov 2006)

or private savings (e.g., He 2012).

The purpose of this paper is to formally develop a model where a risk-averse agent contracts

with a risk-neutral principal to commence a project. The agent is able to perform unobservable

hedging by trading a market portfolio and a risk-free bond through her private account. Impor-

tantly, the agent in our model is protected by limited liability constraint that she cannot subsidize

the principal in the contract. In particular, the price process of the market portfolio follows a geo-

metric Brownian Motion and the risk-free bond pays a constant interest rate. Within the contract,

the agent can enhance the drift of the output process by exerting hidden effort at a monetary cost

deducted from her private account. The uncertainty of the output process can be decomposed

into marketwide shocks and idiosyncratic shocks where the former can be hedged by trading the

market portfolio. The principal cannot differentiate whether a change of output is caused by the

agent’s effort or the shocks. In line with empirical findings, in our benchmark model setup, we

assume that the principal does not filter out marketwide shocks from total output and thus uses

1For instance, Garvey and Milbourn (2003) estimate that average wealth of large firm managers in 1998 amounts
to 15.23 million dollars. Ofek and Yermack (2000) report that firm managers respond to an increase of equity
compensation by selling previously held shares in purpose of diversification. Bettis, Bizjak and Lemmon (2001)
find that corporate managers trade zero-cost collars and equity swaps to hedge against excessive ownership to an
average degree of one quarter.
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absolute performance evaluation.2 As a compensation to effort, the principal specifies a payment

process which is assumed in a general form deducted out of the project’s cash flows. The agent’s

objective is to maximize her discounted consumption utility subject to her budget constraint and

limited liability, while the principal maximizes the present value of the project subject to the

agent’s incentive compatibility constraint and participation constraint. On balance, information

asymmetry between the agent and the principal stems from two sources: The hidden effort and

the unobservable private account that incorporates private saving and hedging.

It is eminently noted in the literature that optimal contracting with private savings should be

treated with special vigilance owing to the agent’s double-deviating strategy. Since private hedging

in our model embeds private savings, we employ CARA utility of the agent to bypass the stumbling

block of private savings under general preference and focus on the effects of managerial hedging.

The reason is that, with CARA utility, the agent’s marginal utility under optimal strategies is

always proportional to her indirect utility.3 Thus, the agent’s utility process (equivalently, the

agent’s contract value process in our model) can still serve as the unique state variable for the

principal in optimal contracting with private savings. The whole problem is solved by first tackling

the agent’s problem via standard dynamic control scheme. This generates the agent’s optimal

strategies of portfolio choice, consumption, and effort choice given the contract and under limited

liability. Importantly, the agent’s certainty equivalence process can be separated into her private

account and her contract value; the latter is observable for the principal and functions as the unique

state variable in the principal’s optimal contracting problem. Project liquidation is triggered if

the agent’s contract value drops to zero. Next, we transform the principal’s optimal contracting

problem into a standard Hamilton-Jacobi-Bellman equation with appropriate boundary conditions.

All endogenous variables are solved then. In a nutshell, technically, we contribute to the literature

by providing a methodology to solve continuous time agent-principal problems when the agent has

a double control problem (optimal portfolio-consumption and optimal effort) and is constrained by

limited liability. Our unique model setup allows us to incorporate risk aversion, private savings, and

liquidation into one optimal contracting problem, which, to our knowledge, is new in literature. 4

2Garvey and Milbourn (2003), among others, find that firms generally do not remove market component by
indexing when compensating their managers. Oyer (2004) proposes a theory to explain the deficiency of relative
performance evaluation based on the manager’s outside career opportunity. Given that little empirical evidence
supports the use of relative performance evaluation in reality, our model thus sheds lights on the realistic business
practice.

3The advantage of CARA utility to address the difficulty caused by private savings has been availed by He
(2011) and Williams (2015). However, neither of them considers the agent’s limited liability.

4There was an impossible trinity in previous continuous-time optimal contracting literature in which risk aver-
sion, private savings, and liquidation boundary do not co-exist in one model. Models in Holmstrom and Milgrom
(1987), He (2011), Williams (2015), and Di Tella and Sannikov (2016) allow the agent’s risk aversion and private
savings but do not admit liquidation. Liquidation and private savings are compatible in one model as long as the
agent is risk-neutral as in DeMarzo and Sannikov (2006) and He (2009). Without private savings, Sannikov (2008)
derives optimal contract with risk aversion and liquidation boundary.
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Beyond methodological contribution, our model also generates insightful and interesting im-

plications from the perspective of economics and finance. First, under the agent’s limited liability,

while the form of contract payment is assumed to have a general form, nevertheless we show that

the resulting optimal payment function only takes the form of impulse compensation: Payment

is collected only when the agent’s contract value surpasses a threshold as that in DeMarzo and

Sannikov (2006) but unlike the flow form compensation prearranged in similar CARA models such

as He (2011) and Williams (2015). That is, in our model, the agent’s limited liability constraint

is always binding in the continuation region. There are two layers of reasons for the impulse

compensation in our model. On one side, the agent is not permitted to subsidize the principal in

case of degenerative performance even though she has strong incentive to do so to avoid inefficient

project liquidation. On the flip side, the principal in our model is risk-neutral and thus does not

have incentive to smooth payments.5 Next, since the agent is able to voluntarily smooth her con-

sumption by virtue of savings in private account, depending on parameters, her marginal utility

can be a supermartingale, martingale, or submartingale, in contrast to the submartingale result

in Sannikov (2008).

Then, we investigate how convenience of managerial hedging (measured by market loading on

the output process) influences the principal’s value and the agent’s strategies. The principal’s value

generally decreases in the continuation region with the easiness of managerial hedging, showing

that unobservable hedging impairs the interest of the principal. And compared with a model

without managerial hedging, the deduction in the principal’s value function is significant. We

further decompose the cost of managerial hedging into three ingredients corresponding to effort

cost, incentive cost, and hedging cost respectively. Under the optimal contract, the agent’s optimal

effort choice is highly dynamic even under CARA utility, which is different form previous works

under similar framework like Ou-Yang (2003) and Williams (2015). We observe that except for near

either the default boundary or the payment boundary, optimal effort decreases with idiosyncratic

risk in the output process on the continuation region.6 However, overall effort level is generally

lower in our model with managerial hedging than in one without managerial hedging especially near

both boundaries, an effect of hedging cost. With regard to the agent’s optimal consumption and

investment position in the market portfolio under the optimal contract, we unveil that the agent

5Although He (2011) also considers a risk-neutral principal, he restricts contract payment to continuous rec-
ommended consumption flows because he does not assume the agent’s limited liability. In the absence of limited
liability, there exists a truth-telling mechanism whereby the agent transfers her wealth to the principal and she
consumes at the rate dictated by the incentive compatible contract. In the presence of limited liability, however,
the wealth-transfer mechanism does not fit in.

6This result seems to retrieve the declaration in Jin (2002) that when the manager can hedge, the optimal
incentive level decreases with the firm’s nonsystematic risk. Two comments require attention: First, incentive level
is measured by the sensitivity of the manager’s wealth with respect to the firm’s stock value in Jin (2002) while
that is measured by the sensitivity of the agent’s contract value with respect to the output process in our model.
Second, Jin (2000) controls for market component of risk while we control for entire volatility on the output process.
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bases her consumption decision on the sum of her private wealth and her contract value and that

she attempts to target the market position without entering into the contract by spontaneously

deleveraging in her private account on account of positive risk exposure imposed on her through the

contract value. Finally, we compare our model with absolute performance evaluation with one with

relative performance evaluation wherein marketwide shocks are filtered out when establishing the

sensitivity of the agent’s contract value with respect to output. Unsurprisingly, the comparison

suggests that substituting an absolute performance evaluation contract by a relative one can

achieve Pareto-improvement in our model by increasing efficiency and alleviating information

asymmetry.

Last but not least, we situate our model in an entrepreneurship context in which the agent is

the project manager and the principal represents a venture capital. By mainly referring to Biais

et al. (2007), we implement the optimal contract with unobservable managerial hedging by two

accounts of cash reserves, private debt and private equity since both parties reside in an incomplete

market in the contract. In particular, bonds pay floating coupons in the continuation region while

stocks yield dividends only when inside value of stocks hits its upper boundary. The two cash

reserve accounts, earning risk-free interest rate, absorb operation losses (or profits) according to

a rule related to the optimal sensitivity of the agent’s contract value with respect to the output

process in the contract. To provide sufficient incentives for the manager, the venture capital

endows a floating inside equity as managerial ownership to her. The balance on one account of

cash reserves tracks her contract value. We then derive the expression for dynamic balance sheet

in the entrepreneurial venture as well as the ordinary differential equations for inside values of

bonds and stocks7. We find that inside value of stocks increases on the state space and uniformly

increases when hedging becomes easier, which is explained by a trade-off between benefit and

cost of incentive provision, together with its effect on dividend payment. On the other hand,

inside value of bonds, reflecting the characteristics of coupon payment, exhibits more complicated

dynamics on the state space and uniformly decreases when hedging becomes easier. Eventually, we

take advantage of equilibrium approach to asset pricing, applied by e.g. Ingersoll (2006), to derive

ordinary differential equations for market prices of bonds and stocks. Owing to higher discount

rate from the market’s vantage point, market prices of both stocks and bonds are lower than their

inside values.

Generally, our paper is related to three strands of literature. First, as an optimal contracting

paper, we establish our model under the framework of continuous-time agency problem. More

recently, Cvitanić, Henderson and Lazrak (2014) consider optimal contract with observable man-

7Inside values refer to values derived from discounting future cash flows by the venture capital’s discount rate
while market prices refer to present values derived from using the market martingale pricing operator. See Section
4.2 and Section 4.3 for details.
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agerial hedging under CARA utility, the first-best case. Cvitanić, Possamäı and Touzi (2016)

model and solve a moral hazard problem in which the agent selects risk components of the output

process without the knowledge of the principal.8 Second, we apply asset pricing methodology

to evaluating values or prices of securities designed to implement the optimal contract. Unlike

previous works incorporating only one random shock such as DeMarzo and Sannikov (2006) and

Biais et al. (2007), our model distinguishes idiosyncratic risk from systematic risk by embedding

a familiar two-asset market popularized since Black and Scholes (1973) in the model layout, which

makes the market prices of securities formally defined. Our unique model environment thus fa-

cilitates an analysis of the difference between inside value and market price and of a comparison

between relative performance evaluation and absolute performance evaluation. Finally, since we

investigate optimal consumption and portfolio choice of the CARA agent, we also contribute to

continuous-time portfolio choice literature initiated by Merton (1969).

The paper is organized as follows: Section 2 formally states the market environment and our

model setup and then presents the methodology to solve the model. Section 3 examines implica-

tions of the model solution and compares our benchmark model with others under different settings.

In Section 4, we implement the optimal contract with familiar securities in an entrepreneurship

context. Both inside values and market prices of securities are derived there. The paper concludes

in Section 5. Technical conditions, proofs and numerical details are provided in the Appendix.

2 The Model

2.1 Model Environment

Quite generally, let us incorporate hedging behavior into a model setup similar to Sannikov (2008).

Assume that there are two parties in the economy: The agent and the principal. At the beginning

of the economy, the principal contracts with the agent to run a project which generates the output

or cash flows:

dXt = (μ + At)dt + ρψ dBt +
√

1 − ρ2ψ dB⊥
t , (1)

where B and B⊥ are independent standard Brownian Motions. B stands for the marketwide shocks

of the project and B⊥ stands for the idiosyncratic risk of the project. We assume that the agent

is necessary for the project to initiate. The agent is able to exert costly effort A ∈ A to increase

the instantaneous return of the project, where A is a compact set on the real line. The principal

knows the range of effort but can never observe the exact value of the effort selected by the agent.

Importantly, even though marketwide shocks are publicly observable, we assume that the principal

8We refer our readers to a survey paper of Sannikov (2012) for detailed review of other works. See also footnote
4 for our contribution to continuous-time optimal contracting literature.
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does not filter market shocks out and thus cannot distinguish whether the change of cash flows is

caused by the agent’s effort or the entire risk ρψ dB +
√

1 − ρ2ψ dB⊥. This assumption means

that the principal evaluates the performance of the agent in absolute sense and is consistent with

empirical evidence.9 The monetary cost of this effort is h(A) which is a continuous and convex

function.10

The agent can participate in the capital market to trade a market portfolio whose return

evolves as:

dRt = mdt + σdBt, (2)

and a risk-free bond which pays continuously at rate r. The principal pays the agent salary whose

cumulative value is described by a nondecreasing process I, which is the contract payment in our

model. We assume that dI ≥ 0 so that the agent in our model is constrained by limited liability.

She cannot subsidize the principal in the contract. Starting from an initial wealth ŝ, if the agent

invests π (in monetary unit) in the market portfolio, while receives salary from the principal and

consumes at a rate of c, then the agent’s private wealth process is:

dSt = rStdt + πt(m − r)dt + πtσdBt + dIt − h(At)dt − ctdt, S0 = ŝ. (3)

Note that we do not restrict the agent’s savings account to be positive. A savings account in

deficit means that the agent borrows money to support her consumption and portfolio choice.

The agent’s private wealth process, including initial wealth ŝ, is assumed to be unobservable

and thus not contractible for the principal. In addition, we assume limited liability for the agent

which in effect eliminates a mechanism that the principal saves for the agent and dictates the

agent’s consumption c. However, even under limited liability, the form of contract payment in our

model is general since it can be of the form of a nonnegative compensation flow or impulse or both,

which differentiates our model from those in He (2011) and Williams (2015); see Remarks 2.1 and

2.2 below for further discussion. The private hedging setup in our model embeds private saving

behavior of the agent which invites considerable difficulty for the principal to provide appropriate

incentives. As is discussed in Sannikov (2008), in the presence of private saving, the agent is able

to perform a double-deviating strategy of shirking and saving simultaneously so as to offset the

9In case of relative performance evaluation (see e.g., Holmstrom 1982, and Gibbons and Murphy 1990) where
marketwide shocks are filtered out, |ρ| < 1 is required; otherwise there would be no information asymmetry. Our
absolute performance evaluation assumption facilitates an intuitive interpretation of ρ as easiness of hedging for
the agent. Obviously, in case of relative performance evaluation, there should not be managerial hedging behavior,
which is confirmed by a model in the Appendix. We compare the cases of relative performance evaluation with
absolute performance evaluation in the next section.

10In the literature, monetary cost is commonly modeled together with CARA utility of the agent; see e.g.,
Holmstrom and Milgrom (1987) and He (2011). In addition, we require regularity conditions that the cost function
h should satisfy and list them in Section 6.3 in the Appendix. In the numerical experiments, we select a quadratic
cost function; see Section 6.4 in the Appendix.
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incentives provided by a certain contract. He (2012) provides a special model concerning how

to prevent the double-deviating strategy by optimal contracting: In order to provide working

incentive for the agent, the principal must track the agent’s marginal utility process and keep it

non-increasing. Generally, the impediment caused by private saving also appears in our model.

However, as has been shown in Williams (2013), He (2011) and Williams (2015), by assuming

CARA utility of the agent, we can elude the stumbling block caused by private saving, since

in this case, the agent’s marginal utility is proportional to her indirect utility. So, in order to

focus on the effect of private hedging on the optimal contract and incentive provision, we assume

that the agent’s preference is described by a CARA utility with risk aversion parameter γ, i.e.,

u(c) = − 1
γ
e−γc.

The agent’s control problem is:

sup
A,c,π

E

[

δ̄

∫ τ

0

e−δ̄tu(ct)dt + e−δ̄τu(rSτ − `)

]

, 11 (4)

with her participation constraint12

Gt > rSt − `, for all t ≤ τ. (PC)

Here G is the agent’s certainty equivalence process, i.e.,

u(Gt) = esssup A,c,πEt

[

δ̄

∫ ∞

t

e−δ̄(s−t)u(cs)ds

]

,

and

` ≡
1

γ

(

1 −
δ̄

r
− ln

(r

δ̄

))

−
(m − r)2

2rγσ2
. (5)

The participation constraint (PC) means that the agent will only take on the project if her certainty

equivalence of working for the principal is larger than the value in the case where she retires (or

quits) and consumes with access to the capital market. In this case, the agent’s problem can be

considered as the market is complete and her indirect value function is equal to u(rS − `), where

S evolves as:

dSt = rStdt + πt(m − r)dt + πtσdBt − ctdt. (6)

In addition, the agent will quit the contract at τ voluntarily which is the first time that the agent’s

11The control problem in (3) and (4) is equivalent to dSt = rStdt + πt(m − r)dt + πtσdBt + dIt − c̃tdt and

sup
A,c̃,π

E
[
δ̄
∫ τ

0
e−δ̄tu

(
c̃t − h(At)

)
dt + e−δ̄τu(rSτ − `)

]
by setting ct = c̃t − h(At). That is, ct is the consumption c̃t

net of the cost of effort h(A) to yield the agent’s utility u(ct).
12The certainty equivalent wealth rS − ` for the Merton’s problem can be easily retrieved from equations (61),

(62) and (63) in Merton (1969).
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participation constraint is violated, i.e.,

τ = inf {t ≥ 0 : Gt ≤ rSt − `} .

At τ , the project is liquidated, so the agent receives her reservation utility u(rSτ − `) and the

principal is then left with the expected cash flow of the project forever.13

Observing only the output process, the principal’s problem is to maximize the expected value

of the cash flows less compensation payment to the agent:

sup
I
E

[

δ

∫ τ

0

e−δt
(
(μ + A)dt − dIt

)
+ e−δτμ

]

, (7)

subject to the agent’s participation constraint (PC) and incentive compatibility constraint:

A in (7) is the optimal effort for (4). (IC)

Remark 2.1 The assumption that dI ≥ 0 distinguishes our contracting problem form previous

optimal contracting models with CARA agent, e.g. Holmstrom and Milgrom (1987), He (2011)

and Williams (2015), in that we are essentially imposing the agent’s limited liability: The agent

cannot subsidize the principal under our contract. This assumption actually precludes the case

that the agent transfers her savings to the principal. As a consequence, Lemma 2 in He (2011)

does not apply. In effect, in our model we do not need to resort to a truth-telling scheme so as to

induce the agent to delegate the principal to save and hedge for her, which is consistent with this

assumption. And we will show that the agent’s limited liability constraint binds more often than

not. Thereby, the optimal contract in our model differs form contracts in previous literature not

only in sense of an alternative implementation (e.g. the contract form in footnote 13 in He 2011).

Remark 2.2 When we restrict the agent’s access to trading the market portfolio, i.e., when we

impose that π ≡ 0, our model is reduced into an optimal contracting problem with private savings.

He (2011) and Williams (2015) consider similar models without the agent’s limited liability where

the agent has CARA utility and the principal can provide guidance of consumption to the agent.

Lemma 3 in He (2011) shows that if the agent has CARA utility and monetary effort cost, there

is a separation between effort choice and consumption choice. As a consequence, the principal

can easily design a mechanism to save for the agent and reduce the problem into one without

13It is argued in Hart and Moore (1998) that more often than not, the market price of the project may be diverse
from the investor’s (the principal’s here) value. Generally, we could substitute the principal’s value μ by the market
value or an alternative liquidation value. However, note that the principal here actually works in an incomplete
market and hence the liquidation value stands for the principal’s valuation of the project in case of liquidation
instead of the market price.
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private savings where the agent’s consumption is assigned by the contract. Williams (2015) derives

conditions under which the agent follows the principal’s guidance of consumption and effort choice

even when the agent’s savings and consumption processes are private information. In essence, by

dictating the agent’s consumption, the principal is trying to reach a saving-neutral contract where

the agent’s incentive to save is eliminated. However, under limited liability, we have to guarantee

a nonnegative compensation payment: It can incorporate either recommended consumption flows

which are nonnegative or option-like impulse payment as in Demarzo and Sannikov (2006) or

both. Since CARA utility does not display wealth effect, and the agent can overdraw her private

savings account to support her consumption, the principal has incentive to postpone compensation.

Put differently, if the principal is aware that the agent will voluntarily smooth her consumption by

her private account even through overdraft, the principal has no incentive to reimburse the agent

for her consumption flow, especially when the principal is risk-neutral and thus does not have the

incentive to smooth compensation. Later, we will formally show that in our model the incentive

can be provided without depending on unobservable state variables and that the resulting contract

payment only takes the form of impulse compensation. Furthermore, as we will see when we solve

the optimal contract, our model ensures positive deferred-compensation balance for the principal

since the agent’s contract value is bounded from below by the agent’s quitting option, which is in

contrast to the unbounded compensation balance fund in He (2011).

Remark 2.3 Note that when S ≡ 0 (no private saving) in addition to π ≡ 0 (no managerial

hedging), the problem is similar to that in Sannikov (2008) except that our cost is of monetary

value. This monetary cost should be compensated through the project’s cash flow. And in case

of S ≡ 0 and π ≡ 0, the form of contract will significantly change: The principal must provide

consumption flows c in addition to effort cost to the agent so as to smooth her inter-temporal

utility.

Remark 2.4 If the agent is not allowed to invest after her retirement, the agent’s certainty equiv-

alence at retirement in (4) and (PC) is rSτ −
(
` + (m−r)2

2rγσ2

)
.

2.2 The Agent’s problem

Given the payment process I, define the agent’s continuation utility as:

Vt = esssup A,c,πEt

[

δ̄

∫ τ

t

e−δ̄(s−t)u(cs)ds + e−δ̄(τ−t)u(rSτ − `)

]

, (8)
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subject to (3). Since u is a CARA utility, we can define a process Y via

Vt = −
1

γ
e−γ (rSt−`+rYt). (9)

Clearly, the process Y captures certainty equivalent present value that the agent can derive from

entering into the contract. In other words, it is the net rent enjoyed by the agent from the

contract. Because CARA utility does not have wealth effect, we are able to separate the value of

the compensation contract apart from that of the agent’s private wealth. Therefore, an incentive

compatible contract can still be designed by the principal without referring to the agent’s private

wealth. For simplicity, we term Y the agent’s contract value. Clearly, Yt ≡ 0 for all t ≥ τ .

Comparing it with the definition of certainty equivalence process, we can see that:

Gt = rSt − ` + rYt. (10)

Hence, the agent’s quitting stopping time can be rephrased as τ = inf{t ≥ 0 : Yt ≤ 0}.

In what follows, we will derive heuristically the dynamics that Y satisfies. To this end, accord-

ing to absolute performance evaluation, we postulate that

dYt = dHt + ZtdXt, (11)

where X is the output process in (1) and H is a finite-variation process to be determined later.

Process Z, determined by the principal as a part of the incentive contract, specifies the sensitivity

of the agent’s contract value with respect to the output process. From the dynamic programming

principle, we expect that e−δ̄tVt + δ̄
∫ t

0
e−δ̄su(cs)ds is a supermartingale for arbitrary strategy A, c,

π, when t < τ , and is a martingale under the optimal strategy. Using (3) and (11), Itô’s formula

implies that the drift of e−δ̄tVt + δ̄
∫ t

0
e−δ̄su(cs)ds (divided throughout by −rγe−δ̄tVt) is:

{
δ̄
rγ

+ rSt + πt(m − r) − h(At) − ct + Zt(μ + At) −
γr
2

(
π2

t σ
2 + 2πtσρψZt + ψ2Z2

t

)
− δ̄u(ct)

rγVt

}
dt

+dHt + dIt.

Maximizing over A, c, π, the previous drift should be zero. This yields

dHt = − dIt +
(
− δ̄

rγ
− Ztμ + γr

2
ψ2Z2

t

)
dt

− sup
A,c,π

{
rSt + πt(m − r) − h(At) − ct + ZtAt −

γr
2

(
π2

t σ
2 + 2πtσρψZt

)
− δ̄u(ct)

rγVt

}
dt.

(12)

10



By calculating the first-order conditions, we have the optimal portfolio position:

π∗ =
m − r

rγσ2
−

ρψZ

σ
, (13)

and optimal consumption rate:

c∗ = rS − ` + rY −
1

γ
ln
(r

δ̄

)
. (14)

Hence,

u(c∗) =
rVt

δ̄
.

Define h∗(Z) = minA∈A{h(A) − ZA} as the convex conjugate of h and

A∗(Z) = argmin h∗(Z). (15)

Plugging all above first order conditions into (12), we obtain the dynamics of H:

dHt =
{

rYt − Zt

(
μ − (m−r)ρψ

σ

)
+ rγ

2
ψ2(1 − ρ2)Z2

t + h∗(Zt)
}

dt − dIt. (16)

Therefore, the agent’s contract value Y has the following dynamics:

dYt =
(
rYt + rγ

2
ψ2(1 − ρ2)Z2

t + h∗(Zt)
)
dt + Zt

(
A∗

t + (m−r)ρψ
σ

)
dt

− dIt + ZtψdB̂t,

=
(
rYt + rγ

2
ψ2(1 − ρ2)Z2

t + h(A∗
t )
)
dt + Zt

(m−r)ρψ
σ

dt

− dIt + ZtψdB̂t, (17)

where we define B̂ = ρB +
√

1 − ρ2B⊥.

The following result verifies the optimality of π∗, c∗, A∗ in (13), (14), (15). Before that let us

first define the admissible class of strategies. Given a payment process I, a strategy (A, c, π) is

admissible to the agent if there exists Z, adapted to the filtration of X, such that

V A,c,π,Z
t = −

1

γ
e−γ(rSt−`+rYt), (18)

where S satisfies (3) and Y follows (17), complies with the transversality condition

lim
τ̃→∞

E
[
e−δ̄τ̃V A,c,π,Z

τ̃ 1{τ̃≤τ}

]
= 0, for any stopping time τ̃, (19)

11



where τ = inf{t ≥ 0 : Yt ≤ 0}.

Lemma 2.5 Suppose that the strategy (A∗, c∗, π∗) is admissible. Then it is the optimal strategy

for the agent, i.e.,

sup
A,c,π

E

[

δ̄

∫ τ

0

e−δ̄tu(ct)dt + e−δ̄u(rSτ − `)

]

=E

[

δ̄

∫ τ

0

e−δ̄tu(c∗t )dt + e−δ̄τu(rSτ − `)

]

= −
1

γ
e−γ(rŝ−`+rY0).

Proof. For any admissible strategy (A, c, π), consider the process

Ṽt =

∫ t

0

e−δ̄su(cs)ds + e−δ̄tV A,c,π,Z
t ,

where V A,c,π,Z , defined via (18) with V A,c,π,Z
0 < ∞, satisfies (19). The definition of the dynamics

for Y ensures that the drift of Ṽ is nonpositive, hence Ṽ is a local supermartingale. Let {τn : n =

1, 2, 3, . . . } be a localization sequence for its local martingale part such that limn→∞ τn = ∞ a.s..

We have

E

[∫ τn∧τ

0

e−δ̄su(cs)ds

]

+ E
[
e−δ̄τn∧τV A,c,π,Z

τn∧τ

]
≤ Ṽ0 = V A,c,π,Z

0 = −
1

γ
e−γ(rŝ−`+rY0). (20)

The second term on the left-hand side can be decomposed as

E
[
e−δ̄τnV A,c,π,Z

τn
1{τn≤τ}

]
+ E

[
e−δ̄τV A,c,π,Z

τ 1{τ<τn}

]
.

Sending n → ∞, using monotone convergence theorem together with (19) and the fact that

V A,c,π,Z
τ = u(rSτ − `) when τ < ∞, we obtain:

E

[∫ τ

0

e−δ̄su(cs)ds + e−δ̄τu(rSτ − `)

]

≤ −
1

γ
e−γ(rŝ−`+rY0).

For strategy (A∗, c∗, π∗), Ṽ is a local martingale. Then the inequality in (20) is an equality.

Sending n → ∞, then τn → ∞. Optimality of (A∗, c∗, π∗) is confirmed.

Remark 2.6 For CRRA utility, u(c) = c1−γ

1−γ
, the above approach may work if

dXt

St

= (μ + At)dt + ρψdBt +
√

1 − ρ2ψdB⊥
t .

Then the maximization in (12) is homothetic in S. So we can define a process Y via Vt =
1

1−γ
(rSt)

1−γeYt. The dynamics of Y can be independent of S, which is unobservable to the principal.

12



However, in the case of CRRA utility, the agent is subject to a personal credit constraint that her

private wealth S must be positive so that the utility is well defined. This personal credit restriction

forces both consumption and leverage to converge to 0 when the agent’s private wealth approximates

0. Economically, this means that the agent cannot overdraw her private wealth account. Huang,

Huang and Ju (2016b) numerically solves a CEO’s consumption and portfolio choice problem

under CRRA utility given compensation contract with personal credit constraint. Nevertheless, due

to the wealth effect of CRRA utility, the optimal contracting problem becomes more complicated

with private savings, managerial hedging, and personal credit constraint intertwined. Di Tella and

Sannikov (2016) derive conditions under which the first-order approach still holds in case of CRRA

agent under fund diversion moral hazard and with private savings.

2.3 The Principal’s problem

Given the dynamics of Y in (17), the process Z, which is the sensitivity of Y with respect to output

X, becomes the principal’s control variable, and Y becomes a state variable for the principal’s

control problem. This is very similar to DeMarzo and Sannikov (2006), Sannikov (2008) and He

(2012).

The principal’s control problem is:

W (y) = sup
I,Z
E

[

δ

∫ τ

0

e−δt
((

μ + A∗(Zt)
)
dt − dIt

)
+ e−δτμ

]

, (21)

where A∗(Z) is given by (15), Y follows (17) with initial condition Y0 = ŷ ≥ 0, and τ signifies the

first time that the agent’s contract value touches 0. As has been specified, at τ , the principal is

left with the expected cash flow of the project. Thereby, liquidation gives out the first boundary

condition for the principal’s problem:

W (0) = μ. (22)

Since the principal always has the option to pay the agent dI in order to maintain the optimal

expected value W under the contract, we have:

W (y) ≥ W (y − dI) − δdI.

The above equation implies that W ′(y) ≥ −δ, which identifies a reflecting boundary at ȳ such

that

W ′(ȳ) = −δ. (23)

Mathematically, I is of local time type and is with bounded variation. As has been noted in

Remark 1 of Sannikov (2008), when the agent’s utility exhibits no income effect, the retirement

13



boundary on the right-hand side in Sannikov (2008) disappears in our model which is replaced by

a payment boundary.

When y ∈ (0, ȳ), we have dI = 0. In this interval that we term continuation region, the

Hamilton-Jacobi-Bellman equation associated to principal’s control problem is

δW (y) = sup
z

{
δ
(
μ + A∗(z)

)
+
(
ry + rγ

2
ψ2(1 − ρ2)z2 + (m−r)ρψ

σ
z + h(A∗(z))

)
W ′(y)

+ 1
2
ψ2z2W ′′(y)

}
,

(24)

where the left-hand side is the expected return of the principal’s value and the right-hand side

decomposes this return into three components: The expected cash flow generated by production,

the expected change of the principal’s value resulting from the drift of the agent’s contract value,

which is a benefit from incentive providing, and the expected change of the principal’s value

caused by the Brownian Motion shock through the channel of volatility in the agent’s contract

value, which is a deduction from the principal’s value due to incentive cost. Optimal sensitivity

denoted by Z∗ is selected so as to maximize the expected return of the principal’s value and can

be solved by the first-order condition in (24) in consideration of its range 14. Evidently, different

from discrete-time models like Jin (2002), the optimal contract here still hinges on market risk

even in the presence of managerial hedging.

Similar to DeMarzo and Sannikov (2006), we need an additional boundary condition to pin-

down the principal’s problem (24), since the payment boundary ȳ is a free a boundary. This

additional boundary condition is the super-contact condition

W ′′(ȳ) = 0. (25)

We summarize the optimal contract with managerial hedging in the following proposition and

provide a rigorous mathematical proof of the existence of a classical solution to the principal’s

problem in the Appendix.

Proposition 2.7 The optimal contract that maximizes the expected present value of the cash flows

less compensation payment to the agent (scaled to the level of cash flow) specifies the evolution of

agent’s contract value Y according to (17), with an initial contract value Y0 ∈ [0, ȳ] and Z = Z∗(Y )

where

Z∗(y) = arg max
{

δA∗(z) +
(

rγ
2
ψ2(1 − ρ2)z2 + (m−r)ρψ

σ
z + h(A∗(z))

)
W ′(y) + 1

2
ψ2z2W ′′(y)

}
.

14We have numerically checked that all the second-order conditions for the optimal sensitivity under different
cases are satisfied and thus the first-order conditions are both necessary and sufficient in our experiments.
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If Y0 > ȳ, the principal pays an immediate lumpy compensation Y0 − ȳ to the agent which is added

into the agent’s private wealth. When Yt ∈ [0, ȳ), dIt = 0. At Yt = ȳ, dIt > 0 reflects Yt to the

left. The agent-principal relation is terminated when the agent’s contract value drops to 0, i.e.,

Yτ = 0. The principal’s value is determined by the Hamilton-Jacobi-Bellman equation (24) when

Y = y ∈ [0, ȳ] and W ′(Y ) = −δ when Y > ȳ, with boundary conditions (22), (23), and (25). In

particular, the optimal sensitivity of the agent’s contract value to the output process is given by

Z∗(Y ).

Proof. See Section 6.3 in the Appendix.

The results in Proposition 2.7 show that with the agent’s limited liability constraint and pri-

vate saving behavior, the optimal contract takes the form of impulse payment and specifies a

liquidation boundary. Thereby, our model incorporates risk aversion, private savings, and liqui-

dation boundary in a unified framework, which is unique in our setup and, to our knowledge, is

new in literature. In the optimal contract, the agent’s limited liability constraint d I ≥ 0 is always

binding in the continuation region. As a matter of fact, the agent has incentive to transfer her

private wealth into her contract value, i.e. the deferred-compensation balance, Y , because project

liquidation is inefficient and an increase in the agent’s contract value will reduce the probability

of project liquidation.

Now, we are prepared to parameterize our model and solve both the agent’s and principal’s

optimal strategies numerically. For this purpose, we need additional functional form of the agent’s

effort cost. Besides, for the Hamilton-Jacobi-Bellman equation to be well-posed, we need some

restrictions on parameters. In particular, one important condition to ensure the existence of a twice

continuously differentiable solution to the principal’s Hamilton-Jacobi-Bellman equation with all

boundary conditions is that r > δ, i.e., the interest rate is strictly larger than the principal’s

discount rate.15 Moreover we assume that the market loading parameter ρ on the output process

is nonnegative. Therefore positive (resp. negative) market shock increases (resp. decreases) the

project output. To facilitate economic interpretation, optimal effort is restricted to being bounded

away from 0. We discuss the details in Section 6.3 in the Appendix. We mainly refer to He (2011)

and Huang, Huang and Ju (2016a) to set the benchmark values of parameters we use in our model,

which are listed in Table 1.

Table 1 about here

15This condition parallels the assumption that the agent is more impatient than the principal in DeMarzo and
Sannikov (2006). Should this condition fail, the principal may postpone compensation to the agent in perpetuity.
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3 Model Implications

3.1 The Agent’s Marginal Utility

Rogerson (1985) demonstrates that when the agent has no private resources to consume, the prin-

cipal is able to assign consumption to the agent by a contract which displays a front-loaded pattern

in the agent’s compensation: The inverse of the agent’s marginal utility follows a martingale pro-

cess, and therefore by Jensen’s inequality, the agent’s marginal utility follows a submartingale.

Sannikov (2008) retrieves this result in a continuous time model without private saving and hedg-

ing. Intuitively, the front-loaded consumption prescribed by the contract is second-best from the

agent’s perspective since the agent has incentive to smooth her consumption inter-temporally by

resorting to savings.

He (2011) shows that in case of CARA utility, if the agent is not constrained by limited

liability, the contract assigns payment flows to the agent that must be smoothed out so that the

agent with unobservable private wealth will not save to smooth consumption. In particular, the

agent’s marginal utility follows a martingale if her discount rate coincides with the interest rate

in her private savings account.

In our model, given the agent’s optimal consumption c∗ in (14), the agent’s marginal utility is

u′(c∗) = −
γr

δ̄
V.

Therefore, the agent’s marginal utility is proportional to her continuation value. By Itô’s lemma,

V evolves according to

dVt = (δ̄ − r)Vtdt −
m − r

σ
VtdBt − rγψ

√
1 − ρ2Z∗

t VtdB⊥
t (26)

under the optimal contract. The drift of u′(c∗) is thus equal to −γr
δ̄
(δ̄ − r)V . Therefore, in our

model, the agent’s marginal utility is not necessarily a submartingale; if the agent discounts her

utility at the risk-free interest rate, her marginal utility will follow a martingale. Note that V < 0

by definition, and we formally state this result in the following proposition.

Proposition 3.1 Under the optimal contract with managerial hedging, when δ̄ = r, the agent’s

marginal utility u′(c∗) is a martingale, and thus, the inverse of the agent’s marginal utility 1
u′(c∗)

is a submartingale. When δ̄ > r, the agent’s marginal utility u′(c∗) is a submartingale. And when

δ̄ < r, the agent’s marginal utility u′(c∗) is a supermartingale.

From the perspective of asset pricing, the product of the agent’s marginal utility and e−δ̄t

represents her martingale valuation operator by which she discounts any contract-related claim
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value into a martingale. In the evolution of the agent’s marginal utility (26), we know that the

agent is actually faced with an incomplete market if she enters into the contract. The idiosyncratic

risk of the project B⊥ is priced in her martingale valuation operator. The risk premium of

idiosyncratic risk rγψ
√

1 − ρ2Z∗
t is proportional to the agent’s risk aversion parameter, the risk

loading of idiosyncratic shocks on the output process, and the sensitivity of the agent’s contract

value with respect to output. Therefore, the agent’s martingale valuation operator is subjective

in the sense of Ingersoll (2006).

3.2 The Principal’s Value and Optimal Contract

Since the sensitivity of the agent’s contact value with respect to output Z is the pivotal variable

that links the principal’s problem to the agent’s problem, we need to solve the principal’s problem

first, which is performed numerically. But before that, it is beneficial to look into the first-best

case in our model. Since the agent’s effort is bounded from above, the first-best case exists. And

we define the first-best case as the situation wherein the principal can fully observe the agent’s

effort and ordains the highest effort level Ā for the agent, but shares effort cost with the agent.

Formally, in the first-best case, the principal’s value W is on the line:

W = μ + Ā − h(Ā) − δy, (27)

where the value of the project is discounted from the principal’s perspective.

Panel A of Figure 1 plots the solutions to the principal’s value function W (y) under three

different values of market loading parameter ρ. For each case, the principal’s value function is

concave, increases first but drops as the agent’s contract value becomes sufficiently large. To

the right of ȳ, we extend each value function by a dash-dot line with slope −δ so that the value

function can reflect the initial lump-sum payment at date 0 if Y0 > ȳ as in DeMarzo and Sannikov

(2006). Note that ρψ is market component in the volatility of the output process that can be

hedged against. Thus, given total volatility ψ, the magnitude of ρ can be interpreted as the

easiness of hedging for the agent under absolute performance evaluation. Generally, the principal’s

value decreases with respect to the easiness of hedging, which means that the agent’s unobservable

hedging behavior is detrimental to the principal’s value. We propose a natural and straightforward

measure of severity of agency problem in our model as the wedge between the principal’s first-best

value and the principal’s value derived in the optimal contract evaluated at the payment boundary,

that is the difference between (27) and (24) (or (58) for no hedging case) at ȳ (or ỹ for no hedging

case) (divided throughout by δ):

(Ā − A∗) −
(
h(Ā) − h(A∗)

)
+ rγ

2
ψ2(1 − ρ2)Z∗2 + (m−r)ρψ

σ
Z∗ + (r − δ)ȳ, (28)
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which we term agency wedge. An interpretation of the variables at ȳ is their values at the steady

state. The advantage of this static measure is to sidestep complex dynamic issue in our model

caused by hidden effort and thus makes us better focus on the effect caused by unobservable

managerial hedging. Geographically, the agency wedge reflects the vertical distance between the

first-best line and the extended line of the curve of W (y) after an adjustment of discount rate

(the last term in (28)). This measure decomposes the effect of severity of agency problem into

four components: First, agency problem may directly lead to a lower drift of the output process

compared with the first-best case as represented in the first term in (28). However, the difference

of effort cost should be adapted to account for the total effect, which is the second term in (28).

Thirdly, since incentives can be provided by exposing the agent to idiosyncratic risk of the project

in order to alleviate agency problem, the agent’s exposure to idiosyncratic risk in her contract

value measures the cost of agency problem and therefore constitutes an important part of agency

wedge. We term this term the incentive wedge. Notice that the incentive wedge is equal to the

square of the risk premium (or price) of idiosyncratic risk divided by 2rγ. Finally, due to the

agent’s unobservable hedging behavior, the principal has to generate additional volatility in the

agent’s contract value so as to offset her hedging behavior in her private portfolio. This volatility

comprises a fourth part of agency wedge which we call hedging wedge. By referring to (26), we

know that hedging wedge is proportional to the price of market risk m−r
σ

. Clearly, ceteris paribus,

if hedging is easy (ρ is relatively large), then hedging wedge will dominate in agency wedge; if

hedging is difficult (ρ is relatively low), then incentive wedge will dominate in agency wedge. Due

to high price of market risk, however, our numerical result in Panel A of Figure 1 that when

hedging becomes easier the principal’s value generally decreases is ascribed to overwhelmingly

increasing hedging wedge. Another interesting take-away of Panel A of Figure 1 is that when

hedging becomes easier, the payment boundary ȳ moves closer to the liquidation boundary; put

differently, the continuation region becomes narrower when ρ increases. Economically, the principal

compares the cost of incentive between creating volatility in the agent’s contract value (in order

to share risk) and settling up cash payment through output. In the case when hedging is easy, the

cost of creating volatility surges too fast so that an early payment is preferred by the principal.

As a retrospection to DeMarzo and Sannikov (2006), we maintain that a manager faced with more

convenient hedging opportunity should be treated as more impatient.16

Figure 1 about here

To illustrate intelligibly the effect of unobservable hedging on the optimal contract, in Panel B

16DeMarzo and Sannikov (2006) also show that when agency problem becomes severer in their model (that is,
λ there becomes larger) the width of continuation region becomes narrower, which is explained by higher cost
of compensating a manager with larger proportion of equity. Clearly, the phenomenon in our model cannot be
explained in the same way due to our distinctive agency problem, that is managerial hedging.
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of Figure 1, we compare our model with a counterpart that is imposed with a no hedging constraint,

i.e., π ≡ 0. The model without hedging under the agent’s limited liability is presented in details in

the Appendix. Taken the agent’s contract value as the state variable, the principal’s value function

in case of no hedging coincides with that in case of ρ = 0 in our model with managerial hedging.

Clearly, efficiency loss is significant if the agent can hedge against the incentive compensation: The

principal’s value function with unobservable managerial hedging is generally much lower than that

without hedging. However, allowing managerial hedging might be advantageous for the principal

if the agent’s contract value is sufficiently low. Note that even if we restrict the agent’s access

to capital market, there still exists a wedge between the principal’s value and the first best case,

which is attributed to incentive wedge. Last but not least, the non-monotonic value functions in

our model imply that the contracts are not renegotiation-proof.

3.3 The Agent’s Optimal Effort Choice

In the agent’s problem, we show that the agent’s optimal effort A∗ is given by (15), which means

that effort level is determined by the sensitivity of the agent’s contract value with respect to the

output process. Under additional functional forms assumed in the Appendix, the mapping from

z to A∗(z) is a bijection and thus we can define a function z(A) ≡ (A∗)−1(A), which is increasing

on A. From the principal’s Hamilton-Jacobi-Bellman equation (24), we know that A∗ maximizes

δA +
(
h(A) + rγ

2
ψ2(1 − ρ2)z2(A) + (m−r)ρψ

σ
z(A)

)
W ′(y) + 1

2
ψ2z2(A)W ′′(y), (29)

where δA is the expected return of effort, the second term is the cost suffered by the principal

to compensate the agent for effort cost, incentive, and managerial hedging as in (28), and (minus

of) the last term measures the cost of exposing the agent to risk via imposing volatility on her

contract value. As in Sannikov (2008), the last two terms act in opposite directions in that W ′(y)

decreases while W ′′(y) increases in our numerical solutions.

We plot the agent’s optimal effort choice A∗ as functions of state variable Y = y in three

different values of market loading ρ on the output process in Panel A of Figure 2. It can be

observed that optimal effort is highly dynamic in our model even under CARA utility, which is

in salient contrast to most principal-agent models under CARA preference such as Holmstrom

and Milgrom (1987), Ou-Yang (2003), and Williams (2015). Despite its significant effect on

the principal’s value function, managerial hedging has less striking impact on the agent’s effort,

though still distinguishable. Near the liquidation boundary, the agent exerts 0 effort when hedging

is relatively easy (ρ is large). However, this does not mean that liquidation dominates continuation

since the principal’s expected value is still higher than μ, and because the agent’s contract value
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is expected to grow due to its positive drift; see the next subsection. 17 In addition, the agent will

be motivated to make effort at an increasing rate by the principal near the liquidation boundary.

In the middle part of the continuation region(s), however, the curves of the agent’s optimal effort

are increasing but twisted with each other. Eventually, when the agent’s contract value becomes

sufficiently large, the agent optimally selects higher effort if hedging is harder than if hedging is

easier: The three curves detach with each other and the curve of A∗ in case of very low market

loading on output process outgrows the upper bound of A and thus displays a kinked point.

Also near the payment boundary, the growth rate of optimal effort (namely dA∗(z(y))/dy) slows

down. Intuitively, when the agent becomes sufficiently affluent and is approximate to glean her

compensation payment, the marginal effect of incentive is attenuated with surging marginal cost

of incentive.18 Consequently, it becomes harder and harder to prompt higher effort.

Figure 2 about here

In Panel B of Figure 2, we compare optimal effort in our benchmark model with that in a

model without managerial hedging, and plot the functions of A∗ against the agent’s contract

value. Obviously, when the agent cannot hedge, she will be motivated to exert higher effort than

when she can hedge near either the liquidation boundary or the payment boundary. The optimal

effort in the case without managerial hedging hits its upper bound even faster than in the case

of ρ =
√

0.1 in Panel A of Figure 2. This shows that unobservable hedging discourages effort

making significantly when the project’s prospect degenerates and hence impairs the interest of the

principal, as has been substantiated in Figure 1.

To sum up, we find that when the agent can perform unobservable managerial hedging, her

optimal effort choice generally increases over the state space due to the devoid of wealth effect,

which is in contrast to the decreasing effort over the right half of the state space caused by wealth

effect in Sannikov (2008). Without wealth effect, the key trade-off considered by the principal lies

in the effect of volatility imposed on the agnet’s contract value: Higher volatility can incentivize

higher effort, but may also increase the probability of inefficient liquidation. Therefore, a deduction

of optimal effort near the liquidation boundary is justified to avoid liquidation. Interestingly, in

case of no managerial hedging, we observe a slight drop in optimal effort near the liquidation

boundary, a non-monotonic effort similar to that in Sannikov (2008), which is explained by opposite

functional directions of W ′(y) and W ′′(y).

17Note that we assume quadratic form of effort cost in (75) in Section 6.4. If we did not bind the agent’s effort
choice by 0, the optimal effort could be negative. In this case, near the liquidation boundary, if hedging is more
difficult (ρ is smaller), the agent would be incentivized to exert more effort than if hedging is easier (ρ is larger).

18A word of caveat, however, is that this interpretation should not be understood as referring to the wealth effect
in the agent’s contract value. Because of CARA utility, actually, there is no wealth effect.
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3.4 Dynamics of the Agent’s Wealth

Substitute the solution to the principal’s problem (24) on the continuation region into the dynamics

of process Y in (17) with Z = Z∗, and we obtain the drift of the agent’s contract value on the

continuation region as:

rY + h(A∗) + rγ
2
ψ2(1 − ρ2)Z∗2 + (m−r)ρψ

σ
Z∗. (30)

Panel A of Figure 3 plots functions of drift of the agent’s contract value process under three

different values of market loading ρ on the output process over the continuation region. Since

W ′′(y) is increasing, the drift of Y is positive in each case. As we have shown in the previous

subsection that when the agent’s contract value is relatively low, the agent’s effort choice is not

sensitive to ρ, and the dynamics of the drift of the agent’s contract value mainly reflect the

effect of ρ on incentive wedge and hedging wedge. And because hedging wedge dominates under

this situation, the drift of Y is higher when hedging is easier (i.e. larger ρ). When the agent’s

contract value becomes sufficiently large, the agent’s optimal effort choices separate under different

situations, which is transmitted into curves of drift of the agent’s contract value: Larger drift of

Y should correspond to harder hedging opportunity if there were no bound on effort choice.

Figure 3 about here

Panel B of Figure 3 compares the drift the agent’s contract value with that in case of no

hedging. By referring to Panel B of Figure 2, we know that when the agent’s contract value is low,

the difference between effort choices in both cases is larger than when the agent’s contract value

is high. Thus, when the agent’s contract value is low, then h(A∗) term dominates in affecting the

drift of Y , resulting in a higher drift in case of no hedging. When the agent’s contract value grows

to a higher level, the effect of ρ, as well as the upper bound of effort, dominates in affecting the

drift of Y , and the relation between the two curves is reversed.

We then delve further into the dynamics of the agent’s wealth. Without contact, the agent’s

total wealth contains only her private wealth S which evolves according to

dSt =
(

(m−r)2

2rγσ2 + 1
γ

(
1 − δ̄

r

))
dt + m−r

rγσ
dBt (31)

under the optimal consumption and portfolio choice rules. On the other hand, in case of opti-

mal contract with unobservable managerial hedging, when Y = y ∈ (0, ȳ), the agent’s certainty

equivalent wealth process G/r = S − `/r + Y (hence total wealth S + Y ) evolves according to

d(St + Yt) =
(

(m−r)2

2rγσ2 + 1
γ

(
1 − δ̄

r

))
dt + m−r

rγσ
dBt + rγ

2
ψ2(1 − ρ2)Z∗2

t dt + Z∗ψ
√

1 − ρ2dB⊥
t . (32)
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Comparing the above two dynamics, we draw the conclusion that the genuine incentive is provided

by rγ
2
ψ2(1−ρ2)Z∗2

t dt+Z∗ψ
√

1 − ρ2dB⊥
t , which represents the dynamic agency cost (the dynamic

severity of agency problem) in our model and is consistent with above analyses.

3.5 The Agent’s Optimal Consumption and Portfolio Choice

We solve the agent’s optimal consumption in (14). Save the constant term − 1
γ

ln
(

r
δ̄

)
that adjusts

present consumption according to the difference between risk-free rate and the agent’s discount

rate, the agent’s consumption is proportional to her certainty equivalent wealth G/r. With fixed

private wealth S, Panel A of Figure 4 plots the agent’s optimal consumption under the optimal

contract when she is able to perform unobservable managerial hedging over the state space of Y ,

and compares it with that in the case when the agent does not enter into the contract. Clearly,

the agent’s optimal consumption will grow at the rate of r with her contract value if she contracts

with the principal. Finally, note that consumption here is entirely financed by the agent’s private

wealth S, while in He (2011), that is supported by the project’s cash flow. This is due to our

general assumption of the form of compensation payment and the endogenous result that the

agent’s limited liability constraint is binding in the continuation region due to her incentive to

subsidize the project’s performance to refrain from liquidation and that a risk-neutral principal

will not smooth compensation in the continuation region.

Figure 4 about here

By referring to (13), we show that the optimal portfolio position (in monetary unit) invested

in the market portfolio by the agent in her private account is m−r
rγσ2 −

ρψ
σ

Z∗. The term −ρψ
σ

Z∗ char-

acterizes the agent’s hedging behavior which is intended to offset the additional market exposure

introduced by the contract in her contract value Y . Comparing the dynamics of the agent’s total

wealth with and without the optimal contract in (31) and (32), we know that the purpose of the

agent’s managerial hedging behavior is to target volatility level loaded on marketwide shocks at
m−r
rγσ

, which is reminiscent of hedging under CRRA utility like in Ingersoll (2006), Ang, Papaniko-

laou, and Westerfield (2014), and Huang, Huang and Ju (2016b). Panel B of Figure 4 plots the

agent’s optimal positions invested in the market portfolio under three cases with different values of

market loading ρ on the output process, together with the case without contract. Since ρ > 0, the

manager voluntarily decreases her risk exposure to marketwide shocks under the optimal contract.

Given the agent’s contract value, the optimal position is lower if the market loading on the output

process is higher. Given ρ, because the principal sets higher sensitivity of the agent’s contract

value with respect to output as the agent’s contract value becomes higher, the optimal position

in market portfolio decreases along the state space.
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3.6 Comparison with Model with Relative Performance Evaluation

The term relative performance evaluation originates in the context of industrial organization and

generally describes the practice that labor compensation is insulated from shocks shared by em-

ployees working in the same firm, industry, and market because these shocks can influence per-

formance comprehensively; see Holmstrom (1982) and Gibbons and Murphy (1990) for instance.

In our model, since the principal is able to detect the return of market portfolio that is public

information, the marketwide shock ρψ
σ

dR in output process (1) can be filtered out by the principal

so as to evaluate the market-neutral performance of the agent. The sensitivity of the agent’s con-

tract value with respect to output is thus loaded on the market-neutral cash flow. By allowing the

principal to adopt relative performance evaluation through filtering out market component from

cash flow, we revise our model to investigate the optimal contract under relative performance

evaluation, which is presented in the Appendix in details.19

Given the agent’s contract value as the state variable, we show that the principal’s value

function under relative performance evaluation coincides with that in a model without managerial

hedging wherein the total volatility ψ of output process is replaced by
√

1 − ρ2ψ.20 Panel A of

Figure 5 plots the principal’s value functions under relative performance evaluation with three

different values of market loading ρ on the output process. In manifest contract to the pattern

in Panel A of Figure 1, the principal’s value function (uniformly) increases with market loading

ρ under relative performance evaluation. Since market component of risk is filtered out in case

of relative performance evaluation, the magnitude of
√

1 − ρ2ψ stands for the genuine volatility

on the idiosyncratic noise that hinders the principal’s observation into the agent’s effort choice.

And the interpretation of ρ should not be the easiness of hedging for the agent since we can

formally demonstrate that there is no managerial hedging under relative performance evaluation:

The agent’s optimal position invested in the market portfolio coincides with that if she does not

enter into the contract. When ρ is higher, the degree of information asymmetry is lower, and

therefore the principal’s value function is (uniformly) higher. When ρ approaches 1, information

asymmetry almost disappears, hence the agency problem under relative performance evaluation.

The curve of the principal’s value function will converge to the first-best line then. 21 In Panel

B of Figure 5, we compare the principal’s value function in our benchmark model with that

under relative performance evaluation. Clearly, absolute performance evaluation contract delivers

19If the principal could estimate market instantaneous return m accurately, then he would filter out only diffusion
component of the market return from the output process, so that drift in (62) should be substituted by μ + At.
Nevertheless, statistically speaking, it is difficult to separate drift from Brownian Motion in the market return.
Besides, by derivation of the suggested model, we can show that this modification does not change the evolution
of the agent’s contract value process under relative performance evaluation. Consequently, our results remain.

20This can be obtained by comparing two Hamilton-Jacobi-Bellman equations (58) and (66).
21Note also that the continuation region shrinks as ρ increases.
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significantly lower value to the principal than relative performance evaluation contract. Our model

thus supports the common wisdom that relative performance evaluation is an effective mechanism

to preclude managerial hedging behavior.22

Figure 5 about here

Given the fact that higher ρ results in higher value for the principal under relative performance

evaluation, we may speculate that the agent’s optimal effort choice increases with respect to ρ in

this case. Panel A of Figure 6 plots the agent’s optimal effort choice under relative performance

evaluation and confirms this conjecture. We observe that when ρ is higher, the agent’s effort

hits the upper bound Ā earlier over the continuation region. For sufficiently large market loading

parameter, the agent is motivated to always exert the highest effort level during the contracting

period as is the case of ρ =
√

0.9. In Panel B of Figure 6, we compare optimal effort in our

benchmark model with unobservable hedging with that under relative performance evaluation set

at the same parameter values. Consistent with our anticipation, a relative performance evalua-

tion contract induces uniformly higher effort than a comparable absolute performance evaluation

contract. In summary, we conclude that in our model, switching a absolute performance evalua-

tion contract into a relative performance evaluation contract will achieve Pareto-improvement by

decreasing degree of information asymmetry and increasing efficiency.

Figure 6 about here

4 Capital Structure Implementation

4.1 Security Design

Now, we situate our model in a realistic environment. A conspicuous feature of our model is

that both the agent and the principal are exposed to idiosyncratic risk if they participate into

the contract. Then both parties evaluate claims in the contract under the augmented probability

measure generated by {Xt : t ≥ 0} and therefore are confronted with an incomplete market.

In this sense, the principal in our model cannot be interpreted as a set of diversified investors

who rely on the unique risk-neutral measure to evaluate any asset. Insofar as the incomplete

market structure in our model, we project our model on the context of entrepreneurship where

the principal represents a venture capital (or private equity) while the agent acts as the project

manager (or entrepreneur). Particularly, the manager is protected by limited liability and the

22Garvey and Milbourn (2003) assert that it is optimal for a firm to remove all market exposure from its manager
when designing incentive contract if the cost of such removal is zero. The first-best result in Cvitanić, Henderson and
Lazrak (2014) also suggests that the optimal first-best contract takes the form of relative performance evaluation.
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risk-neutral venture capital discounts cash flows at rate δ < r so as to satisfy technical regularity

condition. Assume that the project requires an initial investment K to start. In order to initiate

the project, at date 0, the manager resorts to the venture capital to raise money and set up

the entrepreneurial venture. Accordingly, financial securities are issued to the venture capital in

support of the project and to compensate the manager.23 The optimal contract that we derive

in Proposition 2.7 is called to be implemented by these securities if cash flows generated by the

project can completely reimburse claims of these securities on condition that both the manager

and the venture capital voluntarily participate into the project and that the manager’s incentive

compatibility constraint is satisfied. Previous works like DeMarzo and Sannikov (2006) and Biais

et al. (2007) have demonstrated that the implementation of such contract is not unique in similar

environment to ours, since the cash flows can be artificially sliced up and assigned to different

securities as long as the entire value of all securities sums up to the entrepreneurial venture’s

value, a revisit to capital structure irrelevance principle (Modigliani and Miller 1958). With little

loss of generality, we mainly refer to Biais et al. (2007) to implement the optimal contract with

unobservable managerial hedging by cash reserve, bonds, and stocks. Note that because we work

in an entrepreneurship environment, these securities are not publicly traded in the market and

thus their values under venture capital investment should not be construed as market prices. To

make a distinction, we term these values inside values which are evaluated by the partners in the

venture capital. Importantly, one proviso to the implementation is that 0 < Z∗ ≤ 1 holds on the

continuation region.24 We present our implementation in the following proposition.

Proposition 4.1 Consider the following capital structure to finance the project. At date 0, the

entrepreneurial venture issues bonds with face value F and stocks to a venture capital at inside

values in order to support K and construct two accounts of cash reserves with initial deposit Y0 and
1−Z∗

0

Z∗
0

Y0 respectively. Both accounts earn interest rate r. For t > 0: The bonds distribute floating

coupon payment

xt = μ + A∗
t −

h(A∗
t )

Z∗
t

− rγ
2
ψ2(1 − ρ2)Z∗

t − m−r
σ

ρψ (33)

continuously to the debt partners in the venture capital if Yt ∈ (0, ȳ].25 At Yt = ȳ, stocks distribute

23It is irrelevant whether the manager devotes part of her private wealth into the project as skin in the game
at date 0. If she contributes say χ from her initial wealth ŝ into the project, we can replace ŝ by ŝ − χ and K by
K − χ.

24The condition Z∗ ∈ (0, 1] is not as restrictive as it seems to be at first glance. Its validity can be ensured by
selecting suitable parameter values since Z∗ = z(y) is bounded (by definition) on the continuation region; see the
Appendix for the regularity conditions. For example, the benchmark parameter values meet the requirement.

25According to Kaplan and Strömberg (2003), dynamic coupon payment, as well as floating managerial owner-
ship discussed below, is reflected by intensively used convertibles among venture capital investment. Meanwhile,
venture capitals usually have considerable discretion in contract design over the distribution of cash flows in their
entrepreneurial ventures. Of course, for economically meaningful interpretation of coupon payment, we have to
check that x ≥ 0 on the continuation region.
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dividend

dLt =
dIt

z(ȳ)
, (34)

among which the manager owns z(ȳ)dLt and the equity partners in the venture capital entitles

(1−z(ȳ))dLt. When Yt ∈ (0, ȳ], Z∗
t fraction of operation losses (or profits) is counted into account

Yt while the remaining 1 − Z∗
t fraction is accrued on account

1−Z∗
t

Z∗
t

Yt. Finally, the project is

liquidated on condition that either account runs out of money. In case of liquidation, the venture

capital confiscates the project whose liquidation value is μ/δ for the venture capital. Then, this

capital structure implements the optimal contract described in Proposition 2.7 wherein the balance

on the first account Yt characterizes the agent’s (manager’s) contract value.

Proof. It suffices to show that Y follows dynamics (17) with Z = Z∗ under the capital structure.

Given the project is not liquidated, i.e., Yt ∈ (0, ȳ], define Mt = Yt

Z∗
t

as the total cash reserve at

t. Note that the ratio of two accounts is always equal to Z∗

1−Z∗ , so the resource constraint in the

above capital structure is:

dXt + rMtdt = dMt + xtdt + dLt
26. (35)

Substitute (33) and (34) into resource constraint (35), we have:

dMt =
(
rMt +

h(A∗
t )

Z∗
t

+ rγ
2
ψ2(1 − ρ2)Z∗

t + m−r
σ

ρψ
)

dt + ψdB̂t − dIt

z(ȳ)
. (36)

Multiply dMt by Z∗
t with reference to the fact that dIt > 0 if and only if Yt = ȳ, and we can show

that dYt accords with (17) with Z = Z∗.27

As in Biais et al. (2007), under this capital structure implementation, the asset side of the

entrepreneurial venture’s balance sheet includes the value of the project and two accounts of cash

reserves. The liability side, on the other hand, consists of (private) debt and (private) equity.

At the outset, both debt and equity are held only by the venture capital. And the face value

of debt F can be interpreted as the redemption price at which the manager would repurchase

the bonds when the project were exogenously liquidated at any state. After the establishment

of the entrepreneurial venture, however, the manager is endowed by the venture capital with a

floating managerial ownership of Z∗ as inside equity which confers the privilege of dividends on

the manager but absents him from any residual equity value if any in case of liquidation; see

also Demarzo and Sannikov (2006) and He (2009). When the entrepreneurial venture becomes

26The left-hand side of the resource constraint is the sum of cash flow generated by the project and interest
earned by cash reserve. The right-hand side of the resource constraint represents three outlays of cash flows: After
coupon and dividend payment, surplus cash is deposited into the account of cash reserve.

27Notice that by economical construction, we have dMt = d
(

Yt

Z∗
t

)
= dYt

Z∗
t

, since Z∗ is locally deterministic. This

is similar to the derivation of wealth process (3) under self-financing.
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financially distressed, inside stake of the manager will be reduced in our model with unobservable

managerial hedging, which is consistent with realistic venture capital investment contract described

in Kaplan and Strömberg (2003) which favours the venture capital more claims and voting rights

when the entrepreneurial venture performs unsatisfactorily. By construction, the two accounts of

cash reserves will drain simultaneously. Therefore, liquidation will be triggered once total cash

reserve in the firm is exhausted and liquidity dries up. In case of liquidation, the project is seized

by the venture capital who would be the only owner of the project and left with the expected

present value of the project’s cash flow μ
δ

from the venture capital’s perspective. To facilitate

specifying boundary conditions to bonds and stocks, we assume that bonds are senior to stocks in

that the inside value of bonds in case of liquidation is min
{

μ
δ
, F
}

while that of stocks in case of

liquidation is max
{
0, μ

δ
− F

}
.28

Remark 4.2 Can we combine two cash reserve accounts together and directly refer to process M

to implement the optimal contract? Although it is tempting to postulate that the agent’s contract

value Y can be recovered by Z∗M , this conjecture fails in our model since we cannot ensure that

the mapping from M to Y
z(Y )

is one-to-one due to dynamic incentive. This dynamic incentive (or

dynamic effort) distinguishes our model form that in Biais et al. (2007) in which the mapping

from cash reserve to the agent’s continuation value is proportionality and hence always one-to-

one (as is linked by λ there). In addition, the principal needs to observe the process of Y which

generalizes the entire history of the agent’s performance to determine optimal sensitivity of the

agent’s contract value with respect to the output process. Therefore, we have to keep account of an

independent deposit Y in our implementation.

4.2 Inside Values of Securities

Given the capital structure implementation, we are prepared to derive asset pricing implications

of the securities in our model. In particular, in accordance with the approach introduced by Black

and Scholes (1973), the dynamics of inside values of stocks and bonds can be represented by

ordinary differential equations with suited boundary conditions, which we summarize in the follow

proposition.

Proposition 4.3 Assume that the agent’s contract value is at y at date t. The inside value of

28Given this distribution of residual value of the project when liquidated, an alternative interpretation of F is
the measure of bargaining power between debt partners and equity partners in the venture capital. In any case,
note that the distribution is not that material since the venture capital is the only party that owns the project in
case of liquidation.
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stocks P satisfies

P (y) = Et

[∫ τ

t

e−δ(s−t)dLs + e−δ(τ−t) max
{
0, μ

δ
− F

}
]

, (37)

if P (y) solves the following boundary value problem:

δP (y) =
(
ry + rγ

2
ψ2(1 − ρ2)z2(y) + (m−r)ρψ

σ
z(y) + h(A∗(z(y)))

)
P ′(y) + 1

2
ψ2z2(y)P ′′(y) (38)

in the continuation region and with boundary conditions:

P (0) = max
{
0, μ

δ
− F

}
, (39)

and

P ′(ȳ) =
1

z(ȳ)
. (40)

Similarly, the inside value of bonds D satisfies

D(y) = Et

[∫ τ

t

e−δ(s−t)xsds + e−δ(τ−t) min
{

μ
δ
, F
}
]

, (41)

if D(y) solves the boundary value problem:

δD(y) =μ − m−r
σ

ρψ + A∗(z(y)) − h(A∗(z(y)))
z(y)

− rγ
2
ψ2(1 − ρ2)z(y)

+
(
ry + rγ

2
ψ2(1 − ρ2)z2(y) + (m−r)ρψ

σ
z(y) + h(A∗(z(y)))

)
D′(y)

+ 1
2
ψ2z2(y)D′′(y)

(42)

in the continuation region and with boundary conditions:

D (0) = min
{

μ
δ
, F
}

, (43)

and

D′(ȳ) = 0. (44)

Proof. This is demonstrated by calculation of Itô’s formula; see the Appendix for details.

The first boundary condition for inside value of stocks (39) depicts the value of private equity

that the venture capital would receive should the project be liquidated. Since such equity is

residual claim on the project, the equity partners in the venture capital obtain positive value only

if the liquidation value of the project μ
δ

exceeds face value of the debt F . The second boundary

condition for inside value of stocks (40) is just a variation of the reflecting boundary (23) but takes
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account of all dividend payment for both the venture capital and the manager. Similarly, the first

boundary condition for inside value of bonds (43) specifies how much value the debt partners in

the venture capital would procure in case of project liquidation: The upper bound of this amount

of value is the face value F . Lastly, the second boundary condition for inside value of bonds (44)

means that the debt partners in the venture capital are not eligible for dividend payment.

With inside values of stocks and bonds, we can represent the dynamic balance sheet (evaluated

by the partners) in the entrepreneurial venture of our implementation in the following proposition.

Proposition 4.4 At any date t ≥ 0, the balance sheet of the entrepreneurial venture satisfies:

W (Yt)
δ

+ Yt

Z∗
t

+ Qt = (1 − Z∗
t )Pt + Dt + Z∗

t Et

[
e−δ(τ−t) max

{
0, μ

δ
− F

}]
, (45)

where Qt = Et

[∫ τ

t
e−δ(s−t)(r − δ)Msds

]
. In particular, at the commencement of the project, we

have:

(
W (Y0)

δ
− K

)
+
(
K + Y0

Z∗
0

+ Q0

)
= (1 − Z∗

0 )P0 + D0 + Z∗
0E
[
e−δτ max

{
0, μ

δ
− F

}]
. (46)

Proof. See the Appendix.

The left-hand side of (45) means the sum of assets’ values owned by the venture capital

that can create output or cash flows. These assets’ values incorporate value of the project and

value of cash reserve. However, since the principal discount cash flows at a lower rate of δ than

the risk-free interest rate, the present value of the cash reserve should exceed its market value.

Variable Q adjusts this incongruity. The right-hand side of (45) balances the assets’ value of

the venture capital by the present value of securities held by the venture capital. However, since

the manager’s inside equity dose not have residual claim on the liquidation value of the project,

the extra fraction Z∗ of equity partners’ value in case of liquidation should be added back to

account for the whole value of the venture capital. At date 0, issuance of securities generates

a total amount of money W (Y0)
δ

+ Y0

Z∗
0

whose inside value equals W (Y0)
δ

+ Y0

Z∗
0

+ Q0 for the venture

capital, among which K is contributed to initial investment while Y0

Z∗
0

builds up two accounts of

cash reserves. The remaining W (Y0)
δ

−K amounts to net surplus maintained by the venture capital

if the project is initiated. Consequently, a necessary condition for the project to be financed is

given by sup {W (y) : y ∈ [0, ȳ]} ≥ δK.

More often than not, in the presence of default risk that suggests a positive probability of

inefficient liquidation of the project, the bonds would be issued at a discount which means that

the amount of money raised by selling bonds is lower than the sum of the bonds’ face values. In the

light of this business practice, we assume that F is sufficiently large so that debt partners in the

venture capital would own the project if the manager quitted. It follows that max
{
0, μ

δ
− F

}
= 0
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and that min
{

μ
δ
, F
}

= μ
δ
. We acquiesce to this assumption in the following analyses.

Generally, there are two factors that impact values (and prices as well) of securities in our

implementation. First, higher agency cost straightly decreases the value of securities due to

information rent extracted by the agent. Second, higher degree of information asymmetry makes

provision of incentives costlier for the principal. As a response, the principal will hence decrease

risk exposure imposed onto the agent, that is the sensitivity of the agent’s contract value with

respect to the output process Z. A change of Z will change the payment structure of the securities

and thus affect their values (prices).

Panel A of Figure 7 plots inside value of stocks P in the entrepreneurial venture under three

different values of market loading ρ on the output process. In any case, the inside value of stocks

increases as cash reserve grows. And in case of liquidation, equity partners are left with nothing.

Unexpectedly, when unobservable managerial hedging becomes easier (ρ is higher), the inside

value of stocks turns out to be uniformly higher on the state space. This puzzle can be resolved by

consulting the dominance of the second factor: The optimal choice of sensitivity Z of the manager’s

contract value with respect to the output process and its impact on payment structure. As has

been mentioned, when ρ is higher, the agency problem becomes more grievous, and incentive gets

more expensive, making the venture capital impose lower Z∗ when the project is relatively far

away from liquidation.29 The definition of total dividend in (34) manifests that lower Z∗ leads to

higher total dividend and thus larger discounted value, namely the inside value of stocks.

Figure 7 about here

Panel B of Figure 7 exhibits inside value of bonds D in the entrepreneurial venture in three cases

of market loading ρ on the output process. Clearly, inside value of bonds uniformly decreases with

severity of agency problem of managerial hedging. Recall that in (29), h(A∗) + rγ
2
ψ2(1− ρ2)Z∗2 +

(m−r)ρψ
σ

Z∗ measures the dynamic cost to compensate the manager for effort cost, incentive, and

managerial hedging. And in our numerical example, the third term dominates. Thus, the entire

cost increases as ρ increases. Moreover, because the total cash reserve is 1
Z∗ times Y , the agency

cost should be augmented by 1
Z∗ and then subtracted from total cash flow, which is then paid

as coupon in (33). In addition, since Z∗ is lower when ρ is higher on the right-hand side part of

each continuation region, the two factors now serve in the same direction to decrease inside value

of bonds. Consequently, coupon payment (uniformly) decreases with ρ, and thus its discounted

value, i.e., the bonds’ inside value. Although we do not plot the dynamics of coupon payment

here, we find that the pattern of inside value of bonds indeed replicates that of coupon payment

29Under quadratic effort cost, optimal effort A∗ is proportional to Z∗, so this can be recovered from Figure 2.
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in each case, corroborating our explanation.30 Finally, notice that the inside value of bonds is not

necessarily monotonic near the liquidation boundary where the default probability surges. When

managerial hedging is relatively convenient as is the case of ρ =
√

0.5 or ρ =
√

0.9, the inside

value of bonds drops first from its liquidation value and then increases as cash reserve expands.

Intuitively, consider a sample path wherein an unfortunate manager encounters a series of negative

shocks in B̂ so that cash reserve in the entrepreneurial venture lessens from the flat section on

the right-hand side of the continuation region to the left. Due to effort dynamics in Figure 2, we

know that the agent spontaneously reduces optimal effort choice which generates lower cash flow

level and causes inside value of bonds decreases. On the other hand, as cash reserve approaches 0,

the project is close to be liquidated and inside value of bonds should converge to the liquidation

value which can be as high as the present inside value of the project μ/δ for agency cost not being

counted in it. The interaction between the two effects results in a valley-shaped inside value near

the bonds’ liquidation boundary.

Last but not least, though not plotted, we also find that inside leverage defined by D
P

surges

if the entrepreneurial venture experiences a succession of poor performance; the same result is

discovered in Biais et al. (2007) despite different model setup. Besides, given cash reserve in the

entrepreneurial venture, inside leverage (uniformly) declines if managerial hedging becomes easier.

4.3 Comparison with Market Prices of Securities

Although the securities in the entrepreneurial venture are not traded in the market, the venture

capital can still evaluate the market prices of the securities it holds in preparation for future

exit such as initial public offerings. To obtain the market prices of the securities, we follow

the equilibrium asset pricing approach utilized by Goetzmann, Ingersoll and Ross (2003) and

Huang, Huang and Ju (2016a) in evaluating claims in hedge funds. The crux of the equilibrium

asset pricing approach rests on the contention that the market price of any cum-dividend claim

discounted by the market martingale pricing operator must follow a martingale process under the

physical probability measure in absence of arbitrage. In particular, if the market is complete, the

market martingale pricing operator is uniquely defined.

Assume that the parallel complete market embedded in our model environment is epitomized by

one wherein a representative investor maximizes his utility by selecting consumption and trading

the market portfolio as well as the risk-free bond. It then follows that the unique market martingale

30This means that in our model, coupon payment generally increases in the continuation region except near the
liquidation boundary. Biais et al. (2007), however, find that coupon payment decreases with the amount of cash
reserve in their model. This distinction stems form the dynamic incentive (or effort) effect in our model.
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pricing operator denoted by Θ in the complete market evolves as:

dΘt = −rΘtdt −
m − r

σ
ΘtdBt. (47)

For simplicity and convenience of comparison, we assume that the liquidation value of the project

from market’s perspective is μ/r. Denote by P̃ the market price of stocks in the entrepreneurial

venture. Then given the optimal contract implementation in the entrepreneurial venture, Θ tP̃t +
∫ τ

t
ΘsdLs is a martingale under the physical measure from the standpoint of the market. By

calculation of Itô’s formula, we can derive the ordinary differential equation for P̃ as31:

rP̃ (y) =
(
ry + rγ

2
ψ2(1 − ρ2)z2(y) + h(A∗(z(y)))

)
P̃ ′(y) + 1

2
ψ2z2(y)P̃ ′′(y) (48)

in the continuation region and with boundary conditions:

P̃ (0) = max
{
0, μ

r
− F

}
, (49)

and

P̃ ′(ȳ) =
1

z(ȳ)
. (50)

Similarly, denote by D̃ the market price of bonds in the entrepreneurial venture. Then Θ tD̃t +
∫ τ

t
Θsxsds is a martingale under physical measure from the market’s point of view if the optimal

contract is implemented in the entrepreneurial venture. By calculation of Itô’s formula, we can

acquire the ordinary differential equation for D̃ as:

rD̃(y) = x(y) +
(
ry + rγ

2
ψ2(1 − ρ2)z2(y) + h(A∗(z(y)))

)
D̃′(y) + 1

2
ψ2z2(y)D̃′′(y) (51)

in the continuation region and with boundary conditions:

D̃ (0) = min
{

μ
r
, F
}

, (52)

and

D̃′(ȳ) = 0. (53)

We first solve market price of stocks P̃ under three various values of market loading ρ on the

output process in Panel A of Figure 8. Intriguingly, the comparative static result displays an

inverse relation between ρ and market price of stocks, in striking contrast to the relation between

ρ and inside value of stocks. This implies that the effect of agency cost on dividends does not

31See the Appendix for derivation of market prices of securities.
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dominate here. Note that the discounting factor used in market deviates from the discount rate

(δ) used by venture capital32. The key to this phenomenon lies in the difference between the

expected returns derived by the venture capital and the market in both cases. If we reclaim the

drift of the manager’s contract value in (48) by adding m−r
σ

ρψz(y)P̃ ′(y) back on both sides, we

can observe that the actual expected return utilized by the market to discount market price of the

private equity is given by

r +
m − r

σ
ρψz(y)

P̃ ′(y)

P̃ (y)
,

where the second term captures risk premium required by the market to price the stocks in the

entrepreneurial venture. To comprehend this, first note that the dynamics of stock price is driven

by the dynamics of cash reserve in the entrepreneurial venture. Especially, from the market’s

perspective, only the marketwide component of shocks matters. According to (17) with Z = Z∗,

given Y = y, one unit marketwide shock will cause a change of ρψz(y) unit in the first account

of cash reserve. Next, market price of stocks will react to the change in the first account of cash

reserve by a return-like multiplier P̃ ′(y)

P̃ (y)
, which is then multiplied by the market price of risk m−r

σ
.

The ingredient ρψz(y) P̃ ′(y)

P̃ (y)
thus imitates market beta in traditional CAPM equilibrium market.

In summary, higher market loading ρ on the output process implies higher market expected return

for pricing the stocks in the entrepreneurial venture and therefore leads to lower market price of

the stocks.

Figure 8 about here

Panel B of Figure 8 compares the market price of stocks with the inside value of stocks under

our benchmark parameters. Since ρ as the measure of severity of agency problem is priced in the

market expected return of the stocks by a significant risk premium, the stocks’ market price is

much lower than their inside value in the continuation region, which is not plainly caused by the

assumption that δ < r.

However, the characteristics of private debt’s market price, on the other hand, do not diverge

too much from those of the debt’s inside value as is shown in Figure 8 except for the debt recovery

value when the project is liquidated. Since the determinant of the value (price) of bonds lies

inherent in the coupon payment which dominates the effect of discounting factor in (51). We

come to the conclusion that the major determinant of the difference between debt value and price

lies in the liquidation value in our model, which is further caused by discount rates.

32The setup that the venture capital (principal) applies the discount rate δ to evaluate cash flows in the project
also discriminates the interpretation of claim valuation in our model against the elucidation of subjective valuation
in Ingersoll (2006) in incomplete market where the discount rate is adjusted by idiosyncratic risk and the investor’s
risk aversion. To accommodate our model to the exposition of Ingersoll (2006), we have to assume risk aversion for
the venture capital and substitute the venture capital’s discount rate by some subjective discount rate.
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Figure 9 about here

5 Conclusion

Until now, we have resolved a dynamic agency problem where a manager who can perform unob-

servable managerial hedging seeks financing from a venture capital in order to initiate a project.

In particular, the manager is protected by limited liability. The optimal contract is implemented

by cash reserve, private debt, and private equity. To award incentives so as to stimulate the

manager’s hidden effort, two cash reserve accounts are necessary to track the state of the en-

trepreneurial venture, and they play the role of buffers in absorbing operation losses (or profits).

Compared with market prices of securities, inside values of these securities are higher due to risk-

neutral evaluation of the venture capital. In brief, comprehensive analyses show that in absence

of unobservable managerial hedging, the agent will acquit herself in a more conservative way by

working more diligently and that unobservable managerial hedging behavior is detrimental to val-

ues of the venture capital. Methodologically, CARA utility, monetary effort cost, and arithmetic

Brownian Motion of cash flow process are crucial assumptions breeding technical tractability and

feasibility in our model. Consequentially, private saving and hedging, agent’s risk aversion, and

liquidation boundary are compatible in our unique model setup.

Due to compatibility and flexibility of our model, we could have followed previous works like

Demarzo and Sannikov (2006), Sannikov (2008), and He (2009) to extend our model in various

directions by setting pertinent boundary conditions. For instance, if the manager enjoyed outside

options of career development, her quitting boundary would be shifted to the right. And if the

venture capital depreciated the value of the project in case of liquidation, the starting point of the

value function would be trimmed down. Costly replacement of the manager can also be considered

in our model. Momentously, latent trade-offs can be installed in our model to explain why relative

performance evaluation is not pervasive in reality (e.g., a substitution effect between managerial

hedging and relative performance evaluation caused by costs).

After all, we make an important stride in inaugurating the bridge between asset pricing and

corporate finance by formally positioning a dynamic optimal contracting problem in a standard

market environment utilized in asset pricing literature. An interesting and important topic worth

studying in the future, though potentially difficult, is to examine the effect of unobservable man-

agerial hedging on the optimal contract if the agent is responsible for selecting risk components

of the project without the principal’s knowledge, just following the setup in Cvitanić, Possamäı

and Touzi (2016). Intuitively, we conjecture that a hedging manager would be predisposed not to

choosing a project heavily loaded on idiosyncratic risk.
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6 Appendix

6.1 A Model without Managerial Hedging

For purpose of comparison, we inherit all the model environment from Section 2 to build up a

parallel model without managerial hedging. The only difference is that we restrict the agent’s

access to trading the market portfolio. In this case, we impose that π ≡ 0 but still allow the agent

to maintain unobservable private savings. Notice that even in this case, our model differs from

that in He (2011) due to the agent’s limited liability: dI ≥ 0.

So the agent’s control problem is:

−
1

γ
e−γ (rSt−+rYt) = Vt = esssup A,cEt

[

δ̄

∫ τ

t

e−δ̄(s−t)u(cs)ds + e−δ̄(τ−t)u(rSτ − )

]

, (54)

subject to the dynamics of private wealth process S:

dSt = rStdt + dIt − h(At)dt − ctdt, S0 = ŝ, (55)

the incentive compatibility constraint that A ∈ A is the optimal effort for (54), and the partici-

pation constraint that Y ≥ 0, where  is defined by

 = ` +
(m − r)2

2rγσ2
. (56)

The project is liquidated at τ = inf{t ≥ 0 : Yt ≤ 0} when the agent quits.

The agent’s contract value is again denoted by Y . Address this problem by the same method-

ology in Section 2, and we can show that the agent’s optimal strategies are still given by (14) with

` substituted by  and (15). The dynamics of Y is calculated as:

dYt =
(
rYt + rγ

2
ψ2Z2

t + h(A∗
t )
)
dt − dIt + ZtψdB̂t. (57)

Then the principal’s control problem still remains as (21). Given (57), we can obtain the

Hamilton-Jacobi-Bellman equation associated with the principal’s control problem in the contin-

uation region y ∈ (0, ỹ) wherein dI = 0 as:

δW (y) = sup
z

{
δ
(
μ + A∗(z)

)
+
(
ry + rγ

2
ψ2z2 + h(A∗(z))

)
W ′(y) + 1

2
ψ2z2W ′′(y)

}
. (58)

There are three boundary conditions: The liquidation boundary at y = 0 is

W (0) = μ, (59)
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and the free payment boundary with dI > 0 at ỹ is

W ′(ỹ) = −δ, (60)

and

W ′′(ỹ) = 0. (61)

6.2 A Model with Relative Performance Evaluation

Since the principal is able to track the evolution of return of the market portfolio in (2), a potential

method to inhibit managerial hedging behavior is to filter out marketwide component from the

output process and link the agent’s contract value to output process only through idiosyncratic

risk component of cash flow.

Still, the agent’s problem coincides with (4) subject to dynamics of her private wealth process

(3). The agent’s certainty equivalence process can be decomposed into certainty equivalent private

wealth S − `/r and contract value Y . However, when determining the sensitivity of the agent’s

contract value with respect to cash flow, the principal filters out market component ρψ
σ

dR from

(1). Formally, define

dX̂t =
(
μ + At −

mρψ
σ

)
dt +

√
1 − ρ2ψ dB⊥

t , (62)

and assume that

dYt = dHt + ZtdX̂t.
33 (63)

Then, address the agent’s problem by the same methodology in Section 2, and we can show that

the agent’s optimal consumption and effort strategies are still given by (14) and (15) respectively.

Nevertheless, in this case, she has no incentive to perform managerial hedging and her optimal

market position in her private account is given by

π∗ =
m − r

rγσ2
, (64)

coinciding with that when the agent does not enter into the contract. The dynamics of Y is

calculated as:

dYt =
(
rYt + rγ

2
ψ2(1 − ρ2)Z2

t + h(A∗
t )
)
dt − dIt + Zt

√
1 − ρ2ψdB⊥

t . (65)

Then the principal’s control problem still remains as (21). Given (65), we can write down the

33More generally, we can assume that the agent’s contract value is represented by dYt = dHt + ZtdXt + ΛtdRt.
We are able to show that it is optimal to let Λ = −ρψ

σ Z and thus relative performance evaluation is optimal.
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Hamilton-Jacobi-Bellman equation associated with the principal’s control problem in the contin-

uation region y ∈ (0, y̆) wherein dI = 0 as:

δW (y) = sup
z

{
δ
(
μ + A∗(z)

)
+
(
ry + rγ

2
ψ2(1 − ρ2)z2 + h(A∗(z))

)
W ′(y)

+ 1
2
ψ2(1 − ρ2)z2W ′′(y)

}
.

(66)

There are three boundary conditions: The liquidation boundary at y = 0 is

W (0) = μ, (67)

and the free payment boundary with dI > 0 at y̆ is

W ′(y̆) = −δ, (68)

and

W ′′(y̆) = 0. (69)

6.3 Technical Assumptions and Proof of Proposition 2.7

Denote by FX the argumented filtration generated by the output process X and satisfying the

usual conditions of completeness and right continuity. Recall from Section 2 that agent’s effort

takes value in a compact set A. We set A =
[
A
ˉ
, Ā
]

for some constants A
ˉ
≤ Ā. The cost of effort

is given by a cost function h which is assumed to be convex and continuous differentiable. Define

h∗(Z) = minA∈A{h(A) − ZA}, where the minimizer on the right-hand side is:

A∗(Z) = argmin h∗(Z) =






A
ˉ
, if Z ≤ h′(A

ˉ
);

(h′)−1(Z), if Z ∈
[
h′(A

ˉ
), h′(Ā)

]
;

Ā, if Z ≥ h′(Ā).

The principal’s control problem is presented in (21) with state variable Y following dynamics

(17). In this control problem, the principal controls a nondecreasing compensation process I

and a contract sensitivity process Z, which are both adapted to FX . We assume that Z takes

value inside a compact set Z = [Z
ˉ
, Z̄] for constants Z

ˉ
≤ Z̄. We call principal’s control Z and I

admissible if they satisfy above properties and the transversality condition

lim
T→∞

E
[
e−δT YT 1{T≤τ}

]
= 0. (70)

37



Define

g(Z) = rγ
2
ψ2(1 − ρ2)Z2 + (m−r)ρψ

σ
Z + h(A∗(Z)),

which describes the indirect cost to the principal from unobservable managerial hedging and cost

of the agent’s effort for a given contract sensitivity Z. Throughout this section, we impose the

following conditions on model parameters, the agent’s and principal’s control sets, and the agent’s

cost function.

Assumption 6.1

(1) r > δ;

(2) supZ∈Z {A∗(Z) − g(Z)} ≥ 0;

(3) g(Z∗) ≥ 0 for Z∗ = arg maxZ∈Z{A∗(Z) − g(Z)};

(4) Z
ˉ

> 0 and Z =
[
h′(A

ˉ
), h′(Ā)

]
;

(5) h ∈ C3(A), h′′ > 0, h′′′ ≥ 0 in A, and minZ∈Z

{(
h′′(A∗(Z))

)2
− Zh′′′(A∗(Z))

}
> 0;

(6) (m−r)ρψ
σ

− maxZ∈Z

{

Z2 h′′′(A∗(Z))(
h′′(A∗(Z))

)3

}

≥ 0.

Part (1) requires the principal’s discount rate δ is less than the interest rate r. So the principal

is more patient than the market. Part (2) assumes the existence of a contract sensitivity such that

the expected present value of the cash flows that the principal can obtain from the agent’s effort

less the indirect cost to the principal is at least nonnegative. Part (3) says that the indirect cost is

nonnegative when the principal chooses the optimal sensitivity to maximize the net contribution

from the agent. Part (4) is a technical requirement which ensures the principal’s admissible control

Z to be bounded away from zero; hence the principal’s Hamilton-Jacobi-Bellman (HJB for short)

equation is uniformly elliptic. Moreover, the principal’s choice of contract sensitivity is inside the

range of the agent’s marginal cost of effort. If the principal chooses a contract sensitivity outside

this range, it does not further motivate the agent to increase (resp. decrease) her effort to be

higher than Ā (resp. lower than A
ˉ
). If h(A) = κ

2
A2 +bA for κ > 0 and (m−r)ρ ≥ 0, all conditions

in parts (5) and (6) are satisfied. We use this functional form of the cost function in our numerical

experiments.

The problem (21) is a stochastic control problem with mixed singular control I and regular

control Z. The principal’s value function W is expected to satisfy the following HJB variational

inequality :

min

{

δW − sup
Z∈Z

{
δ
(
μ + A∗(Z)

)
+
(
ry + g(Z)

)
W ′ + 1

2
ψ2Z2W ′′

}
,W ′ + δ

}

= 0, (71)
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with the boundary condition W (0) = μ.

Define

W (y) = μ − δy + sup
Z∈Z

{A∗(Z) − g(Z)} and W (y) = μ − δy, for y ≥ 0.

The following result characterizes W as a viscosity solution34 to (71).

Lemma 6.2 Let Assumption 6.1 parts (1) and (2) hold. Then W ≤ W ≤ W on [0,∞), and W

is a unique continuous viscosity solution to (71).

Proof. To prove that W ≤ W , we first show that W is a supersolution to (71). Indeed, since

W
′
= −δ and W

′′
= 0, then we have

δW − sup
Z∈Z

{
δ
(
μ + A∗(Z)

)
+
(
ry + g(Z)

)
W

′
+ 1

2
ψ2Z2W

′′
}

=δW − δμ + δry − δ sup
Z∈Z

{
A∗(Z) − g(Z)

}

=δ(r − δ)y

≥0,

where the last inequality follows from r > δ and y ≥ 0. For any principal’s admissible control

(Z, I), applying Itô’s formula to δ
∫ τ∧∙

0
e−δt

(
(μ + A∗(Zt))dt − dIt

)
+ e−δ(τ∧∙)W (Yτ∧∙) with Y0 = y

and using the assumption that Z is bounded to ensure the stochastic integral is a martingale, we

obtain from the supersolution property of W that

E

[

δ

∫ τ∧T

0

e−δt
((

μ + A∗(Zt)
)
dt − dIt

)
+ e−δ(τ∧T )W (Yτ∧T )

]

≤ W (y), for any T ≥ 0.

Sending T → ∞, using the fact that Yτ = 0 when τ < ∞, together with W (0) ≥ μ, and

the transversality condition (70), we obtain E
[
δ
∫ τ

0
e−δt

(
(μ + A∗(Zt))dt − dIt

)
+ e−δτμ

]
≤ W (y),

which implies that W (y) ≤ W (y) since the choice of (Z, I) is arbitrary.

For the lower bound of W , the principal can pay the agent a lump sum transfer ΔI0 = y so

that the agent will quite immediately. This suboptimal strategy gives value W (y) = μ−δy. Hence

W (y) ≤ W (y).

For the statement on viscosity solution, we turn to dynamic programming principal. Define

W ∗(y) = lim supy̌→y W (y̌) and W∗(y) = lim inf y̌→y W (y̌), standard argument using the dynamic

programming principal (see e.g., Section 4.2 in Pham 2009) shows that W ∗ is a (discontinuous)

viscosity subsolution of (71) and W∗ is a (discontinuous) viscosity supersolution. The comparison

34See e.g., Pham (2009) Chapter 4 for the notion of viscosity solution.
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theorem35 for viscosity solutions implies that W ∗ ≤ W∗. But the reverse inequality W∗ ≤ W ∗

clearly holds due to their definitions. Therefore W∗ = W ∗ which implies the continuity of W .

Uniqueness then follows from the comparison theorem directly.

In order to connect the HJB variational inequality (71) to the free boundary problem (24) with

boundary conditions (22), (23), and (25), we introduce

W̃ (y) = μ − ry + sup
Z∈Z

{A∗(Z) − g(Z)} , y ≥ 0, and ȳ = sup
{

y ≥ 0 : W̃ (y) > W (y)
}

.

Since W ≥ W , ȳ is at most the intersection of W̃ and W . Due to r > δ, this intersection happens

at a finite point, hence ȳ is also finite. The continuity of W yields W̃ (ȳ) = W (ȳ).

Proposition 6.3 Let Assumption 6.1 parts (1)-(4) hold. Then W ∈ C2(0,∞) and satisfies

δW = sup
Z∈Z

{
δ
(
μ + A∗(Z)

)
+
(
ry + g(Z)

)
W ′ + 1

2
ψ2Z2W ′′

}
, y ∈ (0, ȳ);

W ′(y) = −δ, y ≥ ȳ; W (0) = μ, and W ′′(ȳ) = 0.

Moreover, W is concave on [0,∞) and strictly concave on [0, ȳ).

Proof. The proof is separated into several steps.

Step 1. Regularity and concavity on [0, ȳ). Consider a boundary value problem

δV = sup
Z∈Z

{
δ
(
μ + A∗(Z)

)
+
(
ry + g(Z)

)
V ′ + 1

2
ψ2Z2V ′′

}
, y ∈ (0, ȳ), (72)

with boundary condition V (0) = μ and V (ȳ) = W (ȳ). Lemma 6.2 implies that W is a continuous

viscosity solution of (72). On the other hand, Z
ˉ

> 0 in Assumption 6.1 part (4) implies that (72)

is uniformly elliptic, then Strulovici and Szydlowski (2015) Theorem 136 ensures that there exists

V ∈ C2(0, ȳ) satisfying (72) and its boundary conditions. Since V is also a viscosity solution of

(72), then the uniqueness of the viscosity solution (see e.g., Lions 1983) implies that V ≡ W ,

hence W ∈ C2(0, ȳ).

Since Z
ˉ

> 0, we can rewrite (72) to obtain

W ′′ = inf
Z∈Z

{
δW − δ

(
μ + A∗(Z)

)
−
(
ry + g(Z)

)
W ′

1
2
ψ2Z2

}

, y ∈ (0, ȳ). (73)

35The comparison theorem can be obtained using Ishii’s lemma. See Haussmann and Suo (1995) Section 5 for
a finite horiozn stochastic control problem with mixed singular and regular control, and Xu (2017) for an infinite
horizon case arising from a principal agent problem with reputation concern.

36The condition Kμ
2 < r in Strulovici and Szydlowski (2015) is not needed, since μ + A∗(Z) is bounded in our

setting; see Strulovici and Szydlowski (2015) footnote 21.
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Let Z∗ = argmax Z∈Z {A∗(Z) − g(Z)}. The right-hand side of the above equation is bounded

from above by

2
ψ2Z∗2

(
δW − δ

(
μ + A∗(Z∗)

)
−
(
ry + g(Z∗)

)
W ′
)

≤ 2
ψ2Z∗2

(
δW̃ − δ

(
μ + A∗(Z∗)

)
+ δ
(
ry + g(Z∗)

))

=0, y ∈ (0, ȳ),

where the inequality follows from W ′ ≥ −δ, g(Z∗) ≥ 0, and y ≥ 0. Moreover, the inequality above

is strict when y < ȳ since W (y) < W̃ (y). Combining the previous upper bound with (73) yields

W ′′(y) < 0 when y < ȳ. Then the strict concavity of W and W ′ ≥ −δ implies that W ′(y) > −δ

for all y ∈ (0, ȳ).

Step 2. W on (ȳ,∞). We will show that W (y) = −δ(y − ȳ) + W̃ (ȳ) for all y ≥ ȳ. To this end,

define

V (y) =

{
W (y), y ∈ [0, ȳ);

−δ(y − ȳ) + W (ȳ), y > ȳ.

In order to verify V ≡ W , it suffices to focus on [ȳ,∞). On one hand, W ′ ≥ −δ in viscosity sense;

it follows from Touzi (2013) Lemma 5.22 that W (y) + δy is nondecreasing when y ≥ ȳ. However

V (y) + δy is a constant on [ȳ,∞) and W (ȳ) = V (ȳ). Therefore V ≤ W on [ȳ,∞). On the other

hand, one can check that V is a supersolution of (71) on [ȳ,∞). Then the same argument for

W ≤ W in Lemma 6.2 implies that W ≤ V on [ȳ,∞). Therefore, V = W on [ȳ,∞), hence, on

[0,∞). Clearly W is twice continuously differentiable on (ȳ,∞) with W ′ = −δ.

Step 3. W ∈ C2(0,∞). Let us first prove W satisfies the smooth pasting condition, i.e.,

W ′(ȳ) = −δ. The proof is similar to Pham (2009) Theorem 4.5.6. We have already seen from

Step 1 that W ′(y) > −δ for y ∈ (0, ȳ) and from Step 2 that W ′(y) = −δ for y > ȳ. Then

W ′
l (ȳ) ≥ −δ and W ′

r(ȳ) = −δ, where W ′
l and W ′

r are left and right derivatives respectively. Let

us show W ′
l (ȳ) = −δ. Assume otherwise that W ′

l (ȳ) > −δ. For any η ∈ (−δ,W ′
l (ȳ)), consider a

test function φn ∈ C2(0,∞) as:

φn(y) = W (ȳ) + η(y − ȳ) − n
2
(y − ȳ)2.

Then φ′
n(ȳ) = η > −δ, φ′′

n(ȳ) = −n, and W−φn attains the local maximum at ȳ with (W−φn)(ȳ) =

0. Therefore, using φn as a test function, the viscosity subsolution property of W implies that

δW (ȳ) − sup
Z∈Z

{
δ
(
μ + A∗(Z)

)
+
(
rȳ + g(Z)

)
η − 1

2
ψ2Z2n

}
≤ 0.
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Since Z is bounded away from zero (i.e., Z
ˉ

> 0). Sending n → ∞ in the previous inequality, we

get a contradiction.

Once W ′(ȳ) = −δ, sending y ↑ ȳ in (73) and using W (ȳ) = W̃ (ȳ), we obtain that the right-hand

side of (73) converges to zero, hence W ′′
l (ȳ) = 0. Clearly W ′′

r (ȳ) = 0, therefore W ∈ C2(0,∞).

Thanks to the concavity of W on (0, ȳ) and (ȳ,∞), and the smooth pasting at ȳ, W is globally

concave on (0,∞).

In order to identify the principal’s optimal controls, let us define:

Z∗(y) = argmax Z∈Z

{
δA∗(Z) + g(Z)W ′(y) + 1

2
ψ2Z2W ′′(y)

}
,

and prepare the following result.

Lemma 6.4 Let Assumption 6.1 parts (4)-(6) hold. Then Z∗ is Lipszhitz on [0, ȳ].

Proof. For y ∈ [0, ȳ] and Z ∈ Z = [h′(A
ˉ
), h′(Ā)], define:

f(Z, y) = δA∗(Z) + g(Z)W ′(y) + 1
2
ψ2Z2W ′′(y).

Calculation shows that

(A∗(Z))′ = 1
h′′(A∗(Z))

, (A∗(Z))′′ = − h′′′(A∗(Z))
(h′′(A∗(Z)))3

,

g′(Z) = rγψ2(1 − ρ2)Z + (m−r)ρψ
σ

+ (A∗(Z))′Z,

g′′(Z) = rγψ2(1 − ρ2) + (A∗(Z))′′Z + (A∗(Z))′,

g′(Z) − Zg′′(Z) = (m−r)ρψ
σ

− Z2 h′′′(A∗(Z))
(h′′(A∗(Z)))3

.

It follows from Assumption 6.1 parts (4)-(6) that

(A∗(Z))′ > 0, (A∗(Z))′′ ≤ 0, g′(Z) > 0, g′′(Z) > 0, g′(Z) − g′′(Z) ≥ 0, for Z ∈ Z . (74)

On the other hand, we have:

fZ(Z, y) = δ(A∗(Z))′ + g′(Z)W ′(y) + ψ2ZW ′′(y) and

fZZ(Z, y) = δ(A∗(Z))′′ + g′′(Z)W ′(y) + ψ2W ′′(y)

= δ(A∗(Z))′′ + g′′(Z)
g′(Z)

(
fZ(Z, y) − δ(A∗(Z))′

)
+ ψ2 g′(Z)−Zg′′(Z)

g′(Z)
W ′′(y).

With fZ(Z, y) ≤ 0, (74) and W ′′ ≤ 0 combined, it implies that

fZZ(Z, y) ≤ g′′(Z)
g′(Z)

δ(A∗(Z))′ < 0.
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Therefore f(∙, y) has exactly one maximizer in Z .

Let Z(y) be the point such that fZ(Z(y), y) = 0. To show that Z(∙) is Lipschitz on [0, ȳ], we

observe that fZZ(Z, y) is bounded away from zero uniformly in (Z, y) when fZ(Z, y) ≤ 0. On

the other hand, taking another derivative with respect to y on both sides of (73) and applying

the enveloping theorem, we can see W ′′′ is uniformly bounded on (0, ȳ), hence fZy(Z(y), y) is also

uniformly bounded on the same domain. Combining previous estimates with

Z ′(y) = −
fZy(Z(y), y)

fZZ(Z(y), y)
,

we conclude that Z ′(∙) is uniformly bounded on (0, ȳ).

Therefore, Z(∙) and Z∗(∙) = max{Z
ˉ
, min{Z̄, Z(∙)}} are Lipschitz on [0, ȳ].

Corollary 6.5 Let Assumption 6.1 hold. For the agent’s any admissible effort A = {At : t ≥ 0},

there exists unique processes Y and I solving the following SDE with reflection:

dYt =
(
rYt + g(Z∗(Yt)) − (μ + At)Z

∗(Yt)
)
dt + Z∗(Yt)dXt − dIt,

1{Yt<ȳ}dIt = 0, Yt ∈ [0, ȳ] , when 0 ≤ t ≤ τ,

where τ = inf{t ≥ 0 : Yt ≤ 0}. When A = A∗(Z∗), Y and I are both FX-adapted.

Proof. The SDE with reflection can be rewritten as

dYt =
(
rYt + g(Z∗(Yt))

)
dt + Z∗(Yt)ψdB̂t − dIt,

1{Yt<ȳ}dIt = 0, Yt ∈ [0, ȳ] , when 0 ≤ t ≤ τ.

Since coefficients of this reflected SDE are Lipszhitz (see Lemma 6.4), the existence of a unique

strong solution follows from Tanaka (1979). When A = A∗(Z∗), consider the following SDE

without reflection:

dỸt =
(
rỸt + g(Z∗(Ỹt)) −

(
μ + A∗(Z∗(Ỹt))

)
Z∗(Ỹt)

)
dt + Z∗(Ỹt)dXt,

and a local time term It = Ỹt − max0≤s≤t max
{
Ỹs, ȳ

}
. Then Y = Ỹ − I. Since Ỹ is a strong

solution to the previous SDE with Lipschitz continuous coefficients, Ỹ is adapted to the filtration

generated by X, and so is (Y, I). On the other hand, since Z∗ ≥ Z
ˉ

> 0, we can back out the

dynamics of X from (Y, I). Since volatility of X is positive, using the dynamics of X and Y ,

we can further back out the Brownian Motion B̂. On the other hand, as a strong solution of

the reflected SDE, (Y, I) is adapted to the filtration generated by B̂. Therefore, the filtration

generated generated by X, (Y, I), and B̂ are the same.
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Now we are ready to prove Proposition 2.6.

Proof of Proposition 2.6. Let us denote Z∗
t = Z∗(Yt) and A∗

t = A∗(Z∗
t ). Recall (π∗, c∗) from

(13) and (14), where Z is replaced by Z∗. We will show the strategy (A∗, c∗, π∗) is admissible.

When the agent employs this strategy, calculation shows

d
(
St − `

r
+ Yt

)
=
(

(m−r)2

2rγσ2 + 1
γ
(1 − δ̄

r
) + rγ

2
ψ2(1 − ρ2)(Z∗

t )2
)

dt + m−r
rγσ

dBt + Z∗
t ψ
√

1 − ρ2dB⊥.

Then

e−γ(rSt−`+rYt) = e−γ(rS0−`+rY0)e(δ̄−r)tE

(∫ t

0

m−r
rγσ

dBs +

∫ t

0

Z∗
s ψ
√

1 − ρ2dB⊥
s

)

,

where E
(∫ t

0
αsdBs

)
is the stochastic exponential of

∫ t

0
αsdBs. The stochastic exponential above

is a positive local martingale, hence, a supermartingale. Using the bounded convergence, we can

verify that the transversality condition (19) is satisfied. Therefore (A∗, c∗, π∗) is admissible to the

agent. It then follows from Lemma 2.5 that A∗ is agent’s optimal effort.

For the principal, since Y is bounded, the transversality condition (70) is clearly satisfied. Then

Corollary 6.5 implies that (Z∗, I) is admissible to the principal. A standard verification argument,

similar to Proposition 1 in DeMarzo and Sannikov (2006), confirms that (Z∗, I) is optimal for the

principal.

6.4 Details for the Numerical Method

We assume that the functional form of the cost function is quadratic:

h(A) =
κ

2
A2 + bA, (75)

with A ∈ A = [A
ˉ
, Ā], where A

ˉ
is set at 0 so that we exclude negative effort. Then we calculate

the agent’s optimal effort choice in (15) as

A∗(z) = max
{
A
ˉ
, min

{
z−b
κ

, Ā
}}

. (76)

Under Assumption 6.1 in the previous subsection, we can numerically solve the principal’s

control problem (24). First rearrange the equation to:

W ′′(y) = inf
z∈[Z

ˉ
,Z̄]

{
2δ

ψ2z2

(
W (y) − μ − z−b

κ

)

− 2
ψ2z2

(
ry + rγ

2
ψ2(1 − ρ2)z2 + z2−b2

2κ
+ (m−r)ρψ

σ
z
)
W ′(y)

}
.

(77)
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The first-order condition with respect to (77) is

z(y) =
−2δμ + 2 δb

κ
+ 2δW (y) −

(
2ry − b2

κ

)
W ′(y)

δ
κ

+ (m−r)ρψ
σ

W ′(y)
. (78)

If z(y) ∈ [Z
ˉ
, Z̄], then Z∗ = z(y); otherwise, Z∗ takes the closest boundary value. Keeping this in

mind, with a little abuse of natation, we always write that Z∗ = z(y).

We use bisection-shooting method to solve equation (77) on a grid of y beginning at 0 with

length of step Δy. Given W (0) = μ, we conjecture an initial first order derivative W ′ (0) = ω.

With this initial condition, the boundary value problem is transferred into an initial value problem:

Given W and W ′ at y, we can calculate the first order condition (78) to solve z (y), substitute it

into (77) and obtain the second order derivative W ′′ (y). The value of functions W and W ′ in the

next step is calculated by W (y + Δy) = W (y) + W ′(y)Δy and W ′(y + Δy) = W ′(y) + W ′′(y)Δy.

Then we can calculate z and W ′′ at the next step as above. The shooting is terminated either we

have W ′ + δ = 0 or W ′′ = 0. If W ′ + δ = 0 happens before W ′′ = 0, we increases ω; otherwise, we

decreases ω. If the algorithm converges, we can identify the unique initial first order derivative to

pin-down the function W .

6.5 Details for Inside Values of Securities and Balance Sheet

Given t ≥ 0. Assume that at date t, the project is not liquidated and that T ≥ t is a constant.

Define T ≡ min {T, τ}. And let Yt = y. Here, we first prove the first statement of Proposition 4.3

that ordinary differential equitation (38) with two boundary conditions (39) and (40) describes

the dynamics of inside value of stocks in (37). The proof for the second statement concerning

inside value for bonds is similar.

Apply Itô’s formula on e−δtP (Yt), and we have:

e−δ(T −t)P (YT ) = P (y) +

∫ T

t

e−δ(s−t)
{(

rYs + rγ
2
ψ2(1 − ρ2)Z∗2

s + h(A∗
s) + (m−r)ρψ

σ
Z∗

s

)
P ′(Ys)

+1
2
ψ2Z∗2

s P ′′(Ys) − δP (Ys)
}

ds +

∫ T

t

e−δ(s−t)ψZ∗
s P

′(Ys)dB̂s

−
∫ T

t

e−δ(s−t)P ′(Ys)dIs

= P (y) +

∫ T

t

e−δ(s−t)ψZ∗
s P

′(Ys)dB̂s −
∫ T

t

e−δ(s−t) 1
z(ȳ)

dIs,

where the second equality is due to (38) and the fact that dI > 0 if and only if Y = ȳ while P ′(ȳ)

is given by (40). Take conditional expectations on both sides of the above equation and let T go
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to ∞, with (34) and (39), and we have

Et

[
e−δ(τ−t) max

{
0, μ

δ
− F

}]
= P (y) − Et

[∫ τ

t

e−δ(s−t)dLs

]

.

Next, we show equation (45) as the representation of the entrepreneurial venture’s balance

sheet. Rewrite stochastic differential equation d
(
e−δt Yt

Z∗
t

)
= −δe−δt Yt

Z∗
t
dt + e−δtd

(
Yt

Z∗
t

)
into Itô’s

integral:

e−δ(T −t) YT
Z∗
T

= y
z(y)

+

∫ T

t

e−δ(s−t)
(

rγ
2
ψ2(1 − ρ2)Z∗

s + h(A∗
s)

Z∗
s

+ (m−r)ρψ
σ

)
ds

+

∫ T

t

e−δ(s−t)(r − δ) Ys

Z∗
s
ds +

∫ T

t

e−δ(s−t)ψdB̂s −
∫ T

t

e−δ(s−t) 1
z(ȳ)

dIs.

Note that M = Y
Z∗ as is defined in the proof of Proposition 4.1. Take conditional expectations on

both sides of the above equation and let T go to ∞, and we have:

y
z(y)

+ Qt = −Et

[∫ τ

t

e−δ(s−t)
(

rγ
2
ψ2(1 − ρ2)Z∗

s + h(A∗
s)

Z∗
s

+ (m−r)ρψ
σ

)
ds

]

+Et

[∫ τ

t

e−δ(s−t) 1
z(ȳ)

dIs

]

.

Dividing (21) by δ, we have the value enjoyed by the venture capital as the present value of the

project cash flows:

W (y)
δ

= Et

[∫ τ

t

e−δ(s−t)(μ + A∗
s)ds

]

− Et

[∫ τ

t

e−δ(s−t)dIs

]

+ Et

[
e−δ(τ−t) μ

δ

]
. (79)

Add up the above two equations, and we have:

W (y)
δ

+ y
z(y)

+ Qt = Et

[∫ τ

t

e−δ(s−t)
(
μ + A∗

s −
rγ
2
ψ2(1 − ρ2)Z∗

s − h(A∗
s)

Z∗
s

− (m−r)ρψ
σ

)
ds

]

+Et

[∫ τ

t

e−δ(s−t) 1−z(ȳ)
z(ȳ)

dIs

]

+ E
[
e−δ(τ−t) μ

δ

]
.

Since dI > 0 if and only if y = ȳ, we have Et

[∫ τ

t
e−δ(s−t) 1−z(ȳ)

z(ȳ)
dIs

]
= (1− z(y))Et

[∫ τ

t
e−δ(s−t)dLs

]
.

On the other hand, μ
δ

= max
{
0, μ

δ
− F

}
+min

{
μ
δ
, F
}
. Finally, refer to the definition of x in (33),
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and it transpires that

W (y)
δ

+ y
z(y)

+ Qt = Et

[∫ τ

t

e−δ(s−t)xsds

]

+ Et

[
e−δ(τ−t) min

{
μ
δ
, F
}]

+(1 − z(y))Et

[∫ τ

t

e−δ(s−t)dLs

]

+ (1 − z(y))Et

[
e−δ(τ−t) max

{
0, μ

δ
− F

}]

+z(y)Et

[
e−δ(τ−t) max

{
0, μ

δ
− F

}]

= D(y) + (1 − z(y))P (y) + z(y)Et

[
e−δ(τ−t) max

{
0, μ

δ
− F

}]
.

6.6 Details for Market Prices of Securities

We derive the ordinary differential equation for market price of stocks here; that for market price

of bonds can be obtained in similar way. Assume that at t ≥ 0, the project is not liquidated. Itô’s

formula implies that the drift of ΘtP̃t +
∫ τ

t
ΘsdLs (divided throughout by Θt) is:

{
−rP̃ (Yt) +

(
rYt + rγ

2
ψ2(1 − ρ2)Z∗2

t + h(A∗
t )
)
P̃ ′(Yt) + 1

2
ψ2Z∗2

t P̃ ′′(Yt)
}

dt

+
(

1
z(ȳ)

− P̃ ′(Yt)
)

dIt.

Since dI > 0 if and only if Yt = ȳ, when Yt = y ∈ (0, ȳ), we must have (48) so that ΘtP̃t+
∫ τ

t
ΘsdLs

is a martingale. When Yt = ȳ, P̃ ′(Yt) = 1
z(ȳ)

gives the boundary condition (50).
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Table 1
Summary of Key Parameters and Parameter Calibration

Variable Symbol Benchmark Value

Risk-Free Rate r 0.03
Expected Return on Market Portfolio m 0.1
Volatility of Market Portfolio σ 0.175
Drift of the Project without Effort μ 0.1
Volatility of the Project ψ 0.175
Market Loading Parameter ρ

√
0.5

Agent’s Risk Aversion Parameter γ 5
Agent’s Utility Discount Rate δ̄ 0.03
Principal’s Discount Rate δ 0.02
Effort Cost Parameter 1 κ 4.5
Effort Cost Parameter 2 b 0.1
Lower Bound of Effort A

ˉ
0

Upper Bound of Effort Ā 0.15

This table summaries key parameters in this paper. Most parameters about market envi-
ronment are borrowed from He (2011) and Huang, Huang and Ju (2016a). Note that we
assume the effort cost function in (75). We choose effort cost parameters so that parame-
ter conditions in Assumption 6.1 in the Appendix are satisfied. It can be calculated that
Z
ˉ

= 0.1 and Z̄ = 0.7750.
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Figure 1
The Principal’s Value Function
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This figure plots the principal’s value function W (y) under the optimal contract with managerial
hedging (Panel A) and compares the principal’s value function between the cases with and without
managerial hedging (Panel B). In Panel A, the magenta dash-dot line represents the first-best value
function where the principal prescribes the agent’s effort at the the upper bound Ā and shares
effort cost with her. The remaining three curves plot the principal’s value functions when the
agent can perform unobservable managerial hedging with three different values of market loading
ρ on the output process. The case of ρ =

√
0.1 is plotted as the red dashed curve over continuation

region (0, 0.7367). The case of ρ =
√

0.5 (the benchmark case) is plotted as the blue solid curve
over continuation region (0, 0.5796). And the case of ρ =

√
0.9 is plotted as the black dotted curve

over continuation region (0, 0.4751). In each case, we extend the value function by a dash-dot line
with slope −δ. All other parameters are set at the benchmark level. In Panel B, we compare
the principal’s value functions between cases with and without managerial hedging behavior. The
blue solid curve stands for the benchmark case with unobservable managerial hedging while the
green dashed curve stands for the case when the agent cannot access to capital market. The
continuation region for the latter case is (0, 0.8770).
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Figure 2
The Agent’s Optimal Effort Choice

0 0.2 0.4 0.6
-0.04

0

0.04

0.08

0.12

0.16

0 0.2 0.4 0.6 0.8
-0.04

0

0.04

0.08

0.12

0.16

This figure plots the agent’s optimal effort choice A∗ under the optimal contract with managerial
hedging (Panel A) and compares the agent’s optimal effort between the cases with and without
managerial hedging (Panel B). In Panel A, three curves plot the agent’s optimal effort when she can
perform unobservable managerial hedging with three different values of market loading ρ on the
output process. The case of ρ =

√
0.1 is plotted as the red dashed curve over continuation region

(0, 0.7367). The case of ρ =
√

0.5 (the benchmark case) is plotted as the blue solid curve over
continuation region (0, 0.5796). And the case of ρ =

√
0.9 is plotted as the black dotted curve over

continuation region (0, 0.4751). All other parameters are at the benchmark level. In Panel B, we
compare the agent’s optimal effort between cases with and without managerial hedging behavior.
The blue solid curve stands for the benchmark case with unobservable managerial hedging while
the green dashed curve stands for the case when the agent cannot access to capital market. The
continuation region for the latter case is (0, 0.8770).
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Figure 3
The Drift of the Agent’s Contract Value
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This figure plots the drift of the agent’s contract value process Y under the optimal contract with
managerial hedging (Panel A) and compares the drift of the agent’s contract value between the
cases with and without managerial hedging (Panel B). In Panel A, three curves plot the drift
of the agent’s contract value when she can perform unobservable managerial hedging with three
different values of market loading ρ on the output process. The case of ρ =

√
0.1 is plotted as the

red dashed curve over continuation region (0, 0.7367). The case of ρ =
√

0.5 (the benchmark case)
is plotted as the blue solid curve over continuation region (0 , 0.5796). And the case of ρ =

√
0.9 is

plotted as the black dotted curve over continuation region (0 , 0.4751). All other parameters are at
the benchmark level. In Panel B, we compare the drift of the agent’s contract value between cases
with and without managerial hedging behavior. The blue solid curve stands for the benchmark
case with unobservable managerial hedging while the green dashed curve stands for the case when
the agent cannot access to capital market. The continuation region for the latter case is (0 , 0.8770).
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Figure 4
The Agent’s Optimal Consumption and Portfolio Choice
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This figure plots the agent’s optimal consumption c∗ (Panel A) and optimal position (in money
unit) invested in the market portfolio π∗ (Panel B) over the space of state variable Y . In Panel
A, we let S ≡ 20 so that an agent without contract consumes at the rate of 1 .1333 (the magenta
dash-dot line). With the contract, the agent’s consumption rate increases at rate of r = 0.03 with
increase in her contract value (the blue solid line). In Panel B, we plot three cases with different
values of market loading ρ on the output process. Without contract, the agent invests money
amount 15.2381 into the market portfolio (the magenta dash-dot line). When the agent enters
into the contract, she is confronted with hedging demand so as to target the volatility level loaded
on market risk of her total wealth (that is, S + Y ) at a certain level. The case of ρ =

√
0.1 is

plotted as the red dashed curve over continuation region (0 , 0.7367). The case of ρ =
√

0.5 (the
benchmark case) is plotted as the blue solid curve over continuation region (0 , 0.5796). And the
case of ρ =

√
0.9 is plotted as the black dotted curve over continuation region (0 , 0.4751). We set

all other parameters at their benchmark values.
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Figure 5
The Principal’s Value Function under Relative Performance Evaluation
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This figure plots the principal’s value function W (y) under the optimal contract with relative
performance evaluation (Panel A) and compares the principal’s value function in case of relative
performance evaluation with that in our benchmark model under absolute performance evaluation
(Panel B). In Panel A, the magenta dash-dot line represents the first-best value function where
the principal prescribes the agent’s effort at the the upper bound Ā and shares effort cost with
her. The remaining three curves plot the principal’s value functions under relative performance
evaluation with three different values of market loading ρ on the output process. The case of
ρ =

√
0.1 is plotted as the red dashed curve over continuation region (0 , 0.8194). The case of

ρ =
√

0.5 (the benchmark parameter) is plotted as the yellow solid curve over continuation region
(0, 0.5499). And the case of ρ =

√
0.9 is plotted as the black dotted curve over continuation region

(0, 0.1613). In each case, we extend the value function by a dash-dot line with slope −δ. All other
parameters are set at the benchmark level. In Panel B, we compare the principal’s value function
in our benchmark model with that in case of relative performance evaluation with ρ =

√
0.5. The

blue solid curve stands for the benchmark case with unobservable managerial hedging while the
yellow solid curve stands for the case under relative performance evaluation. Continuation region
for the benchmark model is (0, 0.5796).

56



Figure 6
The Agent’s Optimal Effort Choice under Relative Performance Evaluation
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This figure plots the agent’s optimal effort choice A∗ under the optimal contract with relative
performance evaluation (Panel A) and compares the agent’s optimal effort choice in case of relative
performance evaluation with that in our benchmark model under absolute performance evaluation
(Panel B). In Panel A, three curves plot the agent’s optimal effort under relative performance
evaluation with three different values of market loading ρ on the output process. The case of
ρ =

√
0.1 is plotted as the red dashed curve over continuation region (0 , 0.8194). The case of

ρ =
√

0.5 (the benchmark parameter) is plotted as the yellow solid curve over continuation region
(0, 0.5499). And the case of ρ =

√
0.9 is plotted as the black dotted curve over continuation region

(0, 0.1613). All other parameters are at the benchmark level. In Panel B, we compare the agent’s
optimal effort in our benchmark model with that in case of relative performance evaluation with
ρ =

√
0.5. The blue solid curve stands for the benchmark case with unobservable managerial

hedging while the yellow solid curve stands for the case under relative performance evaluation.
Continuation region for the benchmark model is (0, 0.5796).
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Figure 7
Inside Values of Securities
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This figure plots inside value P of stocks (Panel A) and that of bonds D (Panel B) in our model
implementation under three different values of market loading ρ on the output process. We assume
that face value of debt is sufficiently large so that the residual value for stocks is 0 should the
project be liquidated. The case of ρ =

√
0.1 is plotted as the red dashed curve over continuation

region (0, 0.7367). The case of ρ =
√

0.5 (the benchmark case) is plotted as the blue solid curve
over continuation region (0, 0.5796). And the case of ρ =

√
0.9 is plotted as the black dotted curve

over continuation region (0, 0.4751). We set all other parameters at their benchmark values.
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Figure 8
Market Price of Stocks
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This figure plots market price of stocks P̃ in our model implementation under three different
values of market loading ρ on the output process (Panel A) and compares the market price of
stocks with the inside value of stocks under the benchmark parameters (Panel B). We assume
that face value of debt is sufficiently large so that the residual value for stocks is 0 should the
project be liquidated. In Panel A, the red dashed curve corresponds to the case of ρ =

√
0.1 on

continuation region (0, 0.7367). The yellow solid curve plots the case of ρ =
√

0.5 (the benchmark
parameter) on continuation region (0, 0.5796). And the black dotted curve indicates the case of
ρ =

√
0.9 on the continuation region (0, 0.4751). All other parameters are set at the benchmark

level. In Panel B, we compare the inside value of stocks with the market price of stocks in our
benchmark model. The blue solid curve stands for the inside value while the yellow solid curve
charts the market price.
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Figure 9
Market Price of Bonds
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This figure plots market price of bonds D̃ in our model implementation under three different
values of market loading ρ on the output process (Panel A) and compares the market price of
bonds with the inside value of bonds under our benchmark parameters (Panel B). We assume that
face value of debt is sufficiently large so that the residual value for stocks is 0 should the project be
liquidated. In Panel A, the red dashed curve corresponds to the case of ρ =

√
0.1 on continuation

region (0, 0.7367). The yellow solid curve plots the case of ρ =
√

0.5 (the benchmark parameter)
on continuation region (0, 0.5796). And the black dotted curve indicates the case of ρ =

√
0.9 on

the continuation region (0, 0.4751). All other parameters are at the benchmark level. In Panel B,
we compare the inside value of bonds with the market price of bonds in our benchmark model.
The blue solid curve stands for the inside value while the yellow solid curve represents the market
price.
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